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REALIZATION OF GLOBALLY EXCEPTIONAL RIEMANNIAN
4-SYMMETRIC SPACE E8/(E8)σ′4
TOSHIKAZU MIYASHITA
Abstract. The compact simply connected Riemannian 4-symmetric spaces were classi-
fied by J.A. Jime´nez. As homogeneous manifolds, these spaces are of the G/H, where G is
a connected compact simple Lie group with an automorphism γ˜ of oder 4 and H is a fixed
points subgroup Gγ of G. In the present article, for the exceptional compact Lie group
G = E8 , we give the explicit form of automorphism of order 4 induced by the R-linear
transformation σ′4 and determine the structure of the group (E8)σ
′
4
. Thereby, we realize the
globally exceptional Riemannian 4-symmetric space E8/(E8)σ′4 .
1. Introduction
It is well-known that the notion of the Riemannian k-symmetric space is a generalization
of the Riemannian symmetric space. Its definition is as follows:
Let G be a Lie group and H a compact subgroup of G. A homogeneous space G/H with
G-invariant Riemannian metric g is called a Riemannian k-symmetric space if there exists
an automorphism γ˜ of order k on G such that (Gγ)0 ⊂ H ⊂ Gγ, where Gγ and (Gγ)0 is
the fixed points subgroup of G and its identity component, respectively, and such that the
transformation of G/H induced by γ is an isometry ([2]).
Until now, the Riemannian 3-symmetric spaces were classified by A. Gray [3], and
moreover the compact Riemannian 4-symmetric spaces were classified by J.A. Jime´nez
[4] as mentioned in abstract.
Now, for the exceptional compact Lie groups G = G2, F4, E6, E7, we have already
realized the Riemannian 4-symmetric spaces G/H by giving automorphisms γ˜ of order 4
explicitly and by determining the structure of the group H = Gγ corresponding to the Lie
algebras gγ of Tables III, IV and V in [4]. In particular, for G = E8, there exist seven
types of Riemannian 4-symmetric spaces. From now on, we call those spaces ”Globally
exceptional Riemannian 4-symmetric spaces”. The main purpose of this article is to give
the automorphism ˜σ′4 of order 4 on E8 explicitly and to determine the structure of the fixed
points subgroup (E8)σ′4 of E8, where the structure of the group (E8)σ′4 is as follows:
(E8)σ′4  (Spin(6) × Spin(10))/Z4.
Here, the spinor groups Spin(6) and Spin(10) above are respectively realized as the sub-
group (F4)E1 ,E2 ,E3 ,F1(ek),k=0,1 and the subgroup (E8)σ
′
4 ,so(6) of (E8)σ′4 , where the definitions
or the details of (F4)E1 ,E2 ,E3 ,F1(ek),k=0,1 and (E8)σ
′
4 ,so(6) are shown later. This amounts to the
globally realization of one of seven types with an automorphism of order 4 on E8.
According to [2], it is known that the involutive automorphisms of k-symmetric spaces
G/H preserving H are important, because such involutive automorphisms play an impor-
tant role in the classification of symmetric submanifolds on symmetric spaces.
On the globally exceptional Riemannian 4-symmetric space E8/(E8)σ′4 , the involutive au-
tomorphism of this 4-symmetric space preserving (E8)σ′4 is given as the involutive auto-
morphism σ˜ induced by the C-linear transformation σ of the complex vector space e8C ,
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where σ is defined later. Moreover, from (E8)σ  Ss(16)(= Spin(16)/Z2) ([6, Proposition
4.20.2]) and (σ′4 )2 = σ, we can confirm that the space E8/(E8)σ
′
4 has the structure of fiber
bundle as follows:
(E8)σ/(E8)σ′4 → E8/(E8)σ′4 → E8/(E8)σ,
that is,
Ss(16)/(Spin(6)× Spin(10))/Z4 → E8/(Spin(6)× Spin(10))/Z4 → E8/Ss(16).
Again we would like to state about the group (E8)σ′4 ,so(6). The essential part to prove the
isomorphism as a group is to show the connectedness of the group (E8)σ′4 ,so(6). In order to
obtain this end, we need to treat the complex case as follows:
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  Spin(6,C),
(E7C)σ′4  (SL(2,C) × Spin(6,C) × Spin(6,C))/Z4,
(E7C)σ′4 ,so(6,C)  SL(2,C) × Spin(6,C),
(E8C)σ′4 ,so(6,C)  Spin(10,C),
(E8C)σ′4  (Spin(6,C) × Spin(10,C))/Z4,
and the connectedness of the group (E8C)σ′4 ,so(6,C), the definitions or the details of the group
on the left-hand side in each row above are also shown later.
In this article, in order to study the subgroups of E8 as mentioned above, since we need
to have some knowledge of the their complexification GC of G = F4, E6, E7 or E8, refer to
[1], [8], [9] or [10], and we use the same notations as in [8], [9], [10] or [11].
Finally, the author would like to say that the feature of this article is to give elementary
proofs by the homomorphism theorem except several proofs.
2. Preliminaries
Let J(3,CC) and J(3,C) be the exceptional C- and R-Jordan algebras, respectively. In
J(3,CC), the Jordan multiplication X◦Y, the inner product (X, Y) and a cross multiplication
X × Y, called the Freudenthal multiplication, are defined by
X ◦ Y = 1
2
(XY + YX), (X, Y) = tr(X ◦ Y),
X × Y = 1
2
(2X ◦ Y − tr(X)Y − tr(Y)X + (tr(X)tr(Y) − (X, Y))E),
respectively, where E is the 3 × 3 unit matrix. Moreover, we define the trilinear form
(X, Y, Z), the determinant det X by
(X, Y, Z) = (X, Y × Z), det X = 13 (X, X, X),
respectively, and briefly denote J(3,CC) and J(3,C) by JC and J, respectively. In J, we
can also define the relational formulas above.
The connected complex Lie group F4C and the connected compact Lie group F4 are
defined by
F4C = {α ∈ IsoC(JC) |α(X ◦ Y) = αX ◦ αY}
= {α ∈ IsoC(JC) | detαX = det X, (αX, αY) = (X, Y)}
= {α ∈ IsoC(JC) | detαX = det X, αE = E},
F4 = {α ∈ IsoR(J) |α(X ◦ Y) = αX ◦ αY},
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respectively. Let τ be the complex conjugation in JC . Then we have F4 = (F4C)τ (see [8,
Section 2.4] in detail). Moreover, the Lie algebra f4C of the group F4C is given by
f4
C = {D + ˜A1(a1) + ˜A2(a2) + ˜A3(a3) |D ∈ so(8,C), ak ∈ CC , k = 1, 2, 3},
where ˜Ak(ak) is the C-linear mapping of JC (see [8, Theorem 2.2.2] in detail).
We define an R-linear transformation σ′4 of J by
σ′4X = σ′4

ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3
 =

ξ1 −x3e1 e1x2
−x3e1 ξ2 −e1x1e1
e1x2 −e1x1e1 ξ3
 , X ∈ J,
where the element e1 is one of the basis of C = {e0 = 1, e1, e2, . . . , e7}R. Hereafter, a
symbol ek means one of the basis of C or CC . Then we have that σ′4 ∈ Spin(8) ⊂ F4 ⊂
F4C , (σ′4)4 = 1, (σ′4)2 = σ, where an R-linear transformation σ : J→ J is defined by
σX = σ

ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3
 =

ξ1 −x3 −x2
−x3 ξ2 x1
−x2 x1 ξ3
 , X ∈ J.
(Note that the R-linear transformation σ of J is naturally extended to the C-linear trans-
formation of JC .) Hence σ′4 induces the automorphisms ˜σ′4 of order 4 on F4: ˜σ′4(α) =
σ′4−1ασ′4, α ∈ F4, and using inclusion F4 ⊂ F4C , the R-linear transformation σ′4 of J is
naturally extended to the C-linear transformation of JC . Hence σ′4 induces the automor-
phisms ˜σ′4 of order 4 on F4C: ˜σ′4(α) = σ′4−1ασ′4, α ∈ F4C .
The simply connected complex Lie group E6C is defined by
E6C = {α ∈ IsoC(JC) | detαX = det X}
= {α ∈ IsoC(JC) | (αX, αY, αZ) = (X, Y, Z)}.
Then we have naturally the inclusion F4C ⊂ E6C , and it is easy to see (E6C)E = F4C .
Moreover, the Lie algebra e6C of the group E6C is given by
e6
C = {φ = δ + ˜T | δ ∈ f4C , T ∈ (JC)0},
where (JC)0 = {X ∈ JC | tr(X) = 0} and the C-linear mapping ˜T of JC is defined by
˜T X = T ◦ X, X ∈ JC (see [11, Proposition 2.4.1, Theorem 3.2.1] in detail).
Let PC be the Freudenthal C-vector space
PC = JC ⊕ JC ⊕C ⊕C,
in which the Freudenthal cross operation P × Q, P = (X, Y, ξ, η),Q = (Z,W, ζ, ω) ∈ PC , is
defined as follows:
P × Q = Φ(φ, A, B, ν),

φ = −1
2
(X ∨ W + Z ∨ Y)
A = −1
4
(2Y × W − ξZ − ζX)
B =
1
4
(2X × Z − ηW − ωY)
ν =
1
8 ((X,W) + (Z, Y) − 3(ξω + ζη)),
where X ∨ W ∈ e6C is defined by
X ∨ W = [ ˜X, ˜W] + (X ◦ W − 13 (X,W)E)
∼,
here the C-linear mappings ˜X, ˜W of JC are same ones as in E6C .
The simply connected complex Lie group E7C is defined by
E7C = {α ∈ IsoC(PC) |α(P × Q)α−1 = αP × αQ}.
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Moreover, the Lie algebra e7C of the group E7C is given by
e7
C = {Φ(φ, A, B, ν) | φ ∈ e6C , A, B ∈ JC , ν ∈ C}.
For α ∈ E6C , the mapping α˜ : PC → PC is defined by
α˜(X, Y, ξ, η) = (αX, tα−1Y, ξ, η),
then we have α˜ ∈ E7C , and so α and α˜ will be identified. The group E7C contains E6C as a
subgroup by
E6C = (E7C)(0,0,1,0),(0,0,0,1).
Hence we have the inclusion F4C ⊂ E6C ⊂ E7C . Using these inclusions, the C-linear
transformation σ′4 of JC is naturally extended to the C-linear transformation of PC:
σ′4(X, Y, ξ, η) = (σ′4X, σ′4Y, ξ, η), (X, Y, ξ, η) ∈ PC .
Hence we see σ′4 ∈ E7C , and so σ′4 induces the automorphisms ˜σ′4 of order 4 on E7C :
˜σ′4(α) = σ′4−1ασ′4, α ∈ E7C .
Let e8C be the 248 dimensional C-vector space
e8
C = e7
C ⊕PC ⊕PC ⊕C ⊕C ⊕C.
We define a Lie bracket [R1,R2],R1= (Φ1, P1,Q1, r1, s1, t1),R2= (Φ2, P2,Q2, r2, s2, t2), by
[(Φ1, P1,Q1, r1, s1, t1), (Φ2, P2,Q2, r2, s2, t2)] =: (Φ, P,Q, r, s, t),
Φ = [Φ1, Φ2] + P1 × Q2 − P2 × Q1
P = Φ1P2 − Φ2P1 + r1P2 − r2P1 + s1Q2 − s2Q1
Q = Φ1Q2 −Φ2Q1 − r1Q2 + r2Q1 + t1P2 − t2P1
r = −18 {P1,Q2} +
1
8 {P2,Q1} + s1t2 − s2t1
s =
1
4
{P1, P2} + 2r1s2 − 2r2s1
t = −1
4
{Q1,Q2} − 2r1t2 + 2r2t1.
Then the C-vector space e8C becomes a complex simple Lie algebra of type E8.
We define a C-linear transformation λω of e8C by
λω(Φ, P,Q, r, s, t) = (λΦλ−1, λQ,−λP,−r,−t,−s),
where a C-linear transformation λ of PC on the right-hand side is defined by λ(X, Y, ξ, η)
= (Y,−X, η,−ξ). As in JC , the complex conjugation in e8C is denoted by τ:
τ(Φ, P,Q, r, s, t) = (τΦτ, τP, τQ, τr, τs, τt).
The connected complex Lie group E8C and the connected compact Lie group E8 are
defined by
E8C = {α ∈ IsoC(e8C) |α[R,R′] = [αR, αR′]},
E8 = {α ∈ E8C | τλωαλωτ = α} = (E8C)τλω ,
respectively. Moreover, the Lie algebra e8 of the group E8 is given by
e8 = {(Φ, P,−τλP, r, s,−τs) |Φ ∈ e7, P ∈ JC , r ∈ iR, s ∈ C}.
For α ∈ E7C , the mapping α˜ : e8C → e8C is defined by
α˜(Φ, P,Q, r, s, t) = (αΦα−1, αP, αQ, r, s, t),
then we have α˜ ∈ E8C , and so α and α˜ will be identified. The group E8C contains E7C as a
subgroup by
E7C = {α˜ ∈ E8C |α ∈ E7C} = (E8C)(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1).
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Hence we have the inclusion E7C ⊂ E8C . Using this inclusion, since the C-linear transfor-
mation σ′4 of PC is naturally extended to the C-linear transformation of e8C:
σ′4(Φ, P,Q, r, s, t) = (σ′4−1Φσ′4, σ′4P, σ′4Q, r, s, t), (Φ, P,Q, r, s, t) ∈ e8C ,
we have σ′4 ∈ E8C , and so σ′4 induces the automorphisms ˜σ′4 of order 4 on E8C: ˜σ′4(α) =
σ′4−1ασ′4, α ∈ E8C , and so is E8.
In the last of this section, we state two useful lemmas.
Lemma 2.1. For Lie groups G,G′, let a mapping ϕ : G → G′ be a homomorphism of Lie
groups. When G′ is connected, if Kerϕ is discrete and dim(g) = dim(g′), ϕ is surjection.
Proof. The proof is omitted (cf. [8, Lemma 0.6 (2)]). 
Lemma 2.2 (E. Cartan-Rasˇevskii). Let G be a simply connected Lie group with a finite
order automorphism σ of G. Then Gσ is connected.
Proof. The proof is omitted (cf. [8, Lemma 0.7]). 
After this, using these lemmas without permission each times, we often prove lemma,
proposition or theorem.
3. The group (F4C)E1 ,E2,E3 ,F1(ek),k=0,1
The aim of this section is to determine the structure of the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1:
(F4C)E1 ,E2,E3 ,F1(ek),k=0,1 = {α ∈ F4C |αEi = Ei, i = 1, 2, 3, αF1(ek) = F1(ek), k = 0, 1}.
Now, we start to make preparations.
We define groups (F4C)E1 ,E2 ,E3 and Spin(8,C) by
(F4C)E1 ,E2 ,E3 = {α ∈ F4C |αEi = Ei, i = 1, 2, 3},
Spin(8,C) = {(α1, α2, α3) ∈ SO(8,C)×3 | (α1x)(α2y) = α3(xy), x, y ∈ CC},
respectively. Then we have the following theorem.
Theorem 3.1. The group (F4C)E1 ,E2,E3 is isomorphic to Spin(8,C): (F4C)E1 ,E2 ,E3 
Spin(8,C).
Proof. We define a mapping ϕ : Spin(8,C) → (F4C)E1,E2 ,E3 by
ϕ((α1, α2, α3))X =

ξ1 α3 x3 α2x2
α3x3 ξ2 α1x1
α2x2 α1 x1 ξ3
 , X ∈ JC .
This homomorphism ϕ induces the isomorphism between (F4C)E1 ,E2 ,E3 and Spin(8,C) (cf.
[11, Theorem 2.7.1]). 
As necessary, we denote any element α ∈ (F4C)E1 ,E2 ,E3 by (α1, α2, α3) ∈ Spin(8,C), that
is, α = (α1, α2, α3).
We define an R-linear transformation δ1 of C by
δ1 : e0 → e6, e1 → e7, ei → ei, i = 2, 3, 4, 5, e6 → e0, e7 → e1,
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basiswisely. Using matrix representation, the explicit form of δ1 is as follows:
δ1 =

0 1 0
0 0 1
1
1
1
1
1 0 0
0 1 0

∈ M(8, R),
where the blanks are 0. Then we easily see that δ1 ∈ SO(8). The R-linear transformation
δ1 is naturally extended to the C-linear transformation of CC .
We consider groups (F4C)E1 ,E2,E3 ,F1(ek),k=0,1,2,3,4,5 and (F4C)E1 ,E2,E3 ,F1(ek),k=2,3,4,5,6,7:
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1,2,3,4,5 =
{
α ∈ F4C
∣∣∣∣∣ αEi = Ei, i = 1, 2, 3,αF1(ek) = F1(ek), k = 0, 1, 2, 3, 4, 5
}
,
(F4C)E1 ,E2 ,E3 ,F1(ek),k=2,3,4,5,6,7 =
{
α ∈ F4C
∣∣∣∣∣ αEi = Ei, i = 1, 2, 3,αF1(ek) = F1(ek), k = 2, 3, 4, 5, 6, 7
}
.
Hereafter, we often denote k = 0, 1, 2, 3, 4, 5 by abbreviated form k = 0, . . . , 5, and also
often denote these groups above by abbreviated forms (F4C)E1,2,3 ,F1(0,...,5), (F4C)E1,2,3 ,F1(2,...,7)
as example. The other cases are similar to these.
Proposition 3.2. The group (F4C)E1,2,3 ,F1(0,...,5) is isomorphic to the group (F4C)E1,2,3 ,F1(2,...,7):
(F4C)E1,2,3 ,F1(0,...,5)  (F4C)E1,2,3 ,F1(2,...,7).
Proof. We define a mapping ϕ : (F4C)E1,2,3 ,F1(0,...,5) → (F4C)E1,2,3 ,F1(2,...,7) by
ϕ(α) = δ−1αδ,
where δ = (δ1, δ2, δ3) ∈ Spin(8,C)  (F4C)E1 ,E2 ,E3 (Theorem 3.1), here δ1 is defined in
previous page, and note that for this δ1 there exist δ2, δ3 ∈ SO(8,C) by the Principal of
triality on SO(8,C). From α, δ ∈ (F4C)E1 ,E2 ,E3 , it is easy to see that ϕ(α) ∈ (F4C)E1 ,E2 ,E3 .
Moreover, we have that
ϕ(α)F1(e6) = (δ−1αδ)F1(e6) = (δ−1α)F1(δ1e6)
= (δ−1α)F1(e0) = δ−1F1(e0) = F1(δ1−1e0) = F1(e6)
Similarly, we have ϕ(α)F1(e7) = F1(e7), and it is clear that ϕ(α)F1(ek) = F1(ek), k =
2, 3, 4, 5. Hence we have ϕ(α) ∈ (F4C)E1,2,3 ,F1(2,...,7), that is, ϕ is well-defined. From the
definition of the mapping ϕ, it is clear that ϕ is bijection.
Therefore we have the required isomorphism
(F4C)E1,2,3 ,F1(0,...,5)  (F4C)E1,2,3 ,F1(2,...,7).

Let the complex unitary group U(1,CC) = {θ ∈ CC | θ θ = 1}. Then we have the
following lemma.
Theorem 3.3. The group (F4C)E1,2,3 ,F1(2,...,7) is isomorphic to U(1,CC): (F4C)E1,2,3 ,F1(2,...,7) 
U(1,CC).
Proof. We define a mapping φ : U(1,CC) → (F4C)E1,2,3 ,F1(2,...,7) by
φ(θ)X =

ξ1 x3θ θx2
x3θ ξ2 θx1θ
θx2 θ x1θ ξ3
 , X ∈ JC .
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Then φ is well-defined. Indeed, by using the relational formula Re(x(yz)) = Re(y(zx)) =
Re(z(xy)), x, y, z ∈ CC , we have that
det (φ(θ)X) = ξ1ξ2ξ3 + 2Re((θx1θ)(θx2)(x3)θ)) − ξ1(θx1θ)(θ x1θ)
−ξ2(θx2)(θ2x2) − ξ3(x3θ)(x3θ)
= ξ1ξ2ξ3 + 2Re((θx1θ)(θ(x2x3)θ)) − ξ1|θx1θ|2 − ξ2|θx2|2 − ξ3|x3θ|2
= ξ1ξ2ξ3 + 2Re(θ(θx1θ))(θ(x2x3)) − ξ1|x1|2 − ξ2|x2|2 − ξ3|x3|2
= ξ1ξ2ξ3 + 2Re(x1θ)(θ(x2x3)) − ξ1|x1|2 − ξ2|x2|2 − ξ3|x3|2
= ξ1ξ2ξ3 + 2Re((x2x3)((x1θ)θ) − ξ1|x1|2 − ξ2|x2|2 − ξ3|x3|2
= ξ1ξ2ξ3 + 2Re((x2x3)(x1) − ξ1|x1|2 − ξ2|x2|2 − ξ3|x3|2
= ξ1ξ2ξ3 + 2Re(x1x2x3) − ξ1x1x1 − ξ2x2x2 − ξ3 x3x3
= det X,
and it is clear that (φ(θ)X, φ(θ)Y) = (X, Y), X, Y ∈ JC and φ(θ)Ei = Ei, i = 1, 2, 3. Hence we
see that φ(θ) ∈ (F4C)E1,2,3 . Moreover, from eia = aei, i = 2, . . . , 7, a ∈ U(1,CC), we have
that φ(θ)F1(ei) = F1(ei), i = 2, . . . , 7, that is, φ(θ) ∈ (F4C)E1,2,3 ,F1(2,...,7). Needless to say, φ is
a homomorphism. We shall show that φ is surjection. Let α ∈ (F4C)E1,2,3 ,F1(2,...,7). Here, set
(JC)k = {Fk(x) | x ∈ CC} = {X ∈ JC | 2Ek+1 ◦ X = 2Ek+2 ◦ X = X}, k = 1, 2, 3,
where the indices are considered as mod 3. Then from αEi = Ei, we have αX ∈ (JC)k for
X ∈ (JC)k, and so α induces C-isomorphisms
α : (JC)k → (JC)k, αk : CC → CC
satisfying the conditions αFk(x) = Fk(αk x), x ∈ CC , k = 1, 2, 3.
Applyingα on Fk(x)◦Fk(y) = (x, y)(Ek+1+Ek+2), that is, αFk(x)◦αFk(y) = (x, y)(Ek+1+
Ek+2), on the other hand we have
αFk(x) ◦ αFk(y) = Fk(αk x) ◦ Fk(αky) = (αkx, αky)(Ek+1 + Ek+2).
Hence we have (αk x, αky) = (x, y), x, y ∈ CC , that is, αk ∈ O(8,C), k = 1, 2, 3.
Moreover, applying α on F1(x) ◦ F2(y) = (1/2)F3(xy), we have (α1x)(α2y) = α3(xy).
Indeed, apply α on the left-hand side:
α(F1(x) ◦ F2(y)) = αF1(x) ◦ αF2(y) = F1(α1x) ◦ F2(α2y) = 12 F3((α1x)(α2y)),
on the other hand, apply α on the right-hand side: α((1/2)F3(xy)) = (1/2)F3(α3(xy)).
Hence we have F3((α1x)(α2y)) = F3(α3(xy)), that is, (α1x)(α2y) = α3(xy).
Thus since α1, α2, α3 ∈ O(8,C) satisfy the condition (α1x)(α2y) = α3(xy), we see that
α1, α2, α3 ∈ SO(8,C) (see [11, Theotem 1.14.4]), and moreover from αF1(ei) = F1(ei) we
have α1ei = ei, i = 2, . . . , 7. Hence since we can confirm that α1 induces C-isomorphism
of CC ⊂ CC , there exists θ ∈ U(1,CC) such that α1 x = θxθ, x ∈ CC . For this θ, by
the Principal triality we can set α2 x = θx, α3 x = xθ, x ∈ CC . The proof of surjection is
completed. Finally, it is easy to obtain that Kerφ = {1}.
Therefore we have the required isomorphism
(F4C)E1,2,3 ,F1(2,...,7)  U(1,CC).

From Proposition 3.2 and Theorem 3.3, we have the following proposition.
Proposition 3.4. The group (F4C)E1,2,3 ,F1(0,...,5) is isomorphic U(1,CC): (F4C)E1,2,3 ,F1(0,...,5) 
U(1,CC).
In particular, the group (F4C)E1,2,3 ,F1(0,...,5) is connected.
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We consider a group (F4C)E1,2,3 ,F1(0,...,4):
(F4C)E1,2,3 ,F1(0,...,4) =
{
α ∈ F4C
∣∣∣∣∣ αEi = Ei, i = 1, 2, 3,αF1(ek) = F1(ek), k = 0, 1, 2, 3, 4
}
,
and we shall construct Spin(3,C) in F4C .
Lemma 3.5. The Lie algebra (f4C)E1,2,3 ,F1(0,...,4) of the group (F4C)E1,2,3 ,F1(0,...,4) is given by
(f4C)E1,2,3 ,F1(0,...,4) =
{
δ ∈ f4C
∣∣∣∣∣ δEi = 0, i = 1, 2, 3,δF1(ek) = 0, k = 0, 1, 2, 3, 4
}
= {δ = d56G56 + d57G57 + d67G67 | dkl ∈ C}.
In particular, dimC((f4C)E1,2,3 ,F1(0,...,4)) = 3.
Proof. By doing simple computation, this lemma is proved easily (As for Gi j, see [11,
Section 1.3]). 
We define a 3-dimensional C-vector subspace (VC)3 of JC by
(VC)3 =
{
X ∈ JC
∣∣∣∣∣ E1 ◦ X = 0, (E2, X) = (E3, X) = 0,(F1(ek), X) = 0, k = 0, 1, 2, 3, 4
}
= {X = F1(t) | t = t5e5 + t6e6 + t7e7, tk ∈ C}
with the norm (X, X) = 2(t52 + t62 + t72). Obviously, the group (F4C)E1,2,3 ,F1(0,...,4) acts on
(VC)3.
Proposition 3.6. The homogeneous space (F4C)E1,2,3 ,F1(0,...,4)/U(1,CC) is homeomorphic to
the complex sphere (S C)2: (F4C)E1,2,3 ,F1(0,...,4)/U(1,CC) ≃ (S C)2.
In particular, the group (F4C)E1,2,3 ,F1(0,...,4) is connected.
Proof. We define a 2-dimensional complex sphere (S C)2 by
(S C)2 = {X ∈ (VC)3 | (X, X) = 2}
= {X = F1(t) | t = t5e5 + t6e6 + t7e7, t52 + t62 + t72 = 1, tk ∈ C}.
Then the group (F4C)E1,2,3 ,F1(0,...,4) acts on (S C)2, obviously. We shall show that this action
is transitive. In order to prove this, it is sufficient to show that any element F1(t) ∈ (S C)2
can be transformed to F1(e5) ∈ (S C)2.
Now, for a given X = F1(t) ∈ (S C)2, we choose s0 ∈ R, 0 ≤ s0 ≤ pi such that tan s0 =
Re(t6)/Re(t5) (if Re(t5) = 0, let s0 = pi/2).
Operate g56(s0) := exp(s0G56) ∈ ((F4C)E1,2,3 ,F1(0,...,4))0 on X = F1(t) (Lemma 3.5), then we
have that
g56(s0)X = g56(s0)F1(t)
= F1(((cos s0)t5 + (sin s0)t6)e5 + ((cos s0)t6 − (sin s0)t5)e6 + t7e7)
= F1(((cos s0)t5 + (sin s0)t6)e5 + i((cos s0)Im(t6) − (sin s0)Im(t5))e6 + t7e7)
= F1(t(1)5 e5 + ir6e6 + t7e7) =: X(1),
where t(1)5 := (cos s0)t5 + (sin s0)t6 ∈ C, r6 := (cos s0)Im(t6) − (sin s0)Im(t5) ∈ R.
Moreover, we choose s1 ∈ R, 0 ≤ s1 ≤ pi such that tan s1 = Re(t7)/Re(t(1)5 ) (if Re(t(1)5 ) = 0,
let s1 = pi/2). Operate g57(s1) := exp(s1G57) ∈ (F4C)E1,2,3 ,F1(0,...,4) on X′ (Lemma 3.5), then
we have that
g57(s1)X(1) = g57(s1)F1((t(1)5 e5 + ir6e6 + t7e7)
= F1(((cos s1)t(1)5 + (sin s1)t7)e5 + ir6e6 + ((cos s1)t7 − (sin s1)t(1)5 )e7)
= F1(((cos s1)t(1)5 + (sin s1)t7)e5 + ir6e6 + i((cos s1)Im(t7) − (sin s1)Im(t(1)5 ))e7)
= F1(t(2)5 e5 + ir6e6 + ir7e7) =: X(2),
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where t(2)5 := (cos s1)t(1)5 + (sin s1)t7 ∈ C, r7 := (cos s1)Im(t7) − (sin s1)Im(t(1)5 ) ∈ R.
Additionally, we choose s2 ∈ R, 0 ≤ s2 ≤ pi such that tan s2 = r7/r6 (if r6 = 0, let s2 =
pi/2). Operate g67(s2) := exp(s2G67) ∈ (F4C)E1,2,3 ,F1(0,...,4) on X(2) (Lemma 3.5), then we
have that
g67(s2)X(2) = g67(s2)F1(t(2)5 e5 + ir6e6 + ir7e7)
= F1(t(2)5 e5 + i((cos s2)r6 + (sin s2)r7)e6 + i((cos s2)r7 − (sin s2)r6)e7)
= F1(t(2)5 e5 + ir(1)6 e6) =: X(3),
where r(1)6 := (cos s2)r6 + (sin s2)r7 ∈ R.
Here, note that it follows from X(3) = F1(t(2)5 e5 + ir(1)6 e6) ∈ (S C)2 ((t(2)5 )2 + (ir(1)6 )2 = 1),
that is, (t(2)5 )2 = 1+(r(1)6 )2, t(2)5 ∈ C, r(1)6 ∈ R that we have t(2)5 ∈ R−{0} and −1 < r(1)6 /t(2)5 < 1.
So, we can choose s3 ∈ R such that tan(is3) = ir(1)6 /t(2)5 (∈ iR). Indeed, because of tan(is3) =
−i (1− 2/(e−2s3 + 1)) (−1 < 1− 2/(e−2s3 + 1) < 1), together with −1 < r(1)6 /t(2)5 < 1, we can
choose s3 ∈ R. As in the first case above, operate g56(is3) on X(3), then we have that
g56(is3)X(3) = g56(is3)F1(t(2)5 e5 + ir(1)6 e6)
= F1((cos(is3)t(2)5 + sin(is3)(ir(1)6 ))e5 + (cos(is3)(ir(1)6 ) − sin(is3)t(2)5 )e6)
= F1((cos(is3)t(2)5 + sin(is3)(ir(1)6 ))e5)
= F1(t(3)5 e5),
where t(3)5 := cos(is3)t(2)5 + sin(is3)(ir(1)6 ) ∈ C.
Hence, from F1(t(3)5 e5) ∈ (S C)2 we have that t(3)5 = 1 or t(3)5 = −1. In the latter case,
again operate g57(pi) on F1(−e5), then we have that g57(pi)F1(−e5) = F1(e5).
This shows the transitivity of action to (S C)2 by the group (F4C)E1,2,3 ,F1(0,...,4). The isotropy
subgroup of the group (F4C)E1,2,3 ,F1(0,...,4) at F1(e5) is (F4C)E1,2,3 ,F1(0,...,5)  U(1,CC) (Propo-
sition 3.4). Thus we have the required homeomorphism
(F4C)E1,2,3 ,F1(0,...,4)/U(1,CC) ≃ (S C)2.
Therefore we see that the group (F4C)E1,2,3 ,F1(0,...,4) is connected. 
Theorem 3.7. The group (F4C)E1,2,3 ,F1(0,...,4) is isomorphic to Spin(3,C): (F4C)E1,2,3 ,F1(0,...,4) 
Spin(3,C).
Proof. Let O(3,C) = O((VC)3) = {β ∈ IsoC((VC)3) | (βX, βY) = (X, Y)}. We consider the
restriction β = α
∣∣∣(VC )3 of α ∈ (F4C)E1,2,3 ,F1(0,...,4) to (VC)3, then we have β ∈ O(3,C). Hence
we can define a homomorphism p : (F4C)E1,2,3 ,F1(0,...,4) → O(3,C) = O((VC)3) by
p(α) = α
∣∣∣(VC )3 .
Since the mapping p is continuous and the group (F4C)E1,2,3 ,F1(0,...,4) is connected (Propo-
sition 3.6), the mapping p induces a homomorphism p : (F4C)E1,2,3 ,F1(0,...,4) → SO(3,C) =
SO((VC)3). It is not difficult to obtain that Ker p = {1, σ}  Z2. Indeed, Let α ∈ Ker p.
Then, since α ∈ (F4C)E1,2,3 ,F1(0,...,4) ⊂ (F4C)E1,2,3  Spin(8,C), we can set α = (α1, α2, α3)
(Theorem 3.1). Moreover, from αF1(ei) = F1(ei), i = 0, . . . , 4 and α
∣∣∣(VC )3= 1, we have
α1x = x for all x ∈ CC , that is, α1 = 1. Hence we have that
α = (1, 1, 1) or α = (1,−1,−1) = σ,
that is, Ker p ⊂ {1, σ} and vice versa. Thus we obtain Ker p = {1, σ}. From Lemma 3.5,
we have that
dimC((f4C)E1,2,3 ,F1(0,...,4)) = 3 = dim C(so(3,C)),
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and in addition to this, SO(3,C) is connected and Ker p is discrete. Hence p is surjection.
Thus we have the isomorphism
(F4C)E1,2,3 ,F1(0,...,4)/Z2  SO(3,C).
Therefore the group (F4C)E1,2,3 ,F1(0,...,4) is isomorphic to Spin(3,C) as the universal cov-
ering group of SO(3,C), that is, (F4C)E1,2,3 ,F1(0,...,4)  Spin(3,C). 
Continuously, we shall construct Spin(4,C) in F4C .
We consider a group (F4C)E1,2,3 ,F1(0,...,3):
(F4C)E1,2,3 ,F1(0,...,3) =
{
α ∈ F4C
∣∣∣∣∣ αEi = Ei, i = 1, 2, 3,αF1(ek) = F1(ek), k = 0, 1, 2, 3
}
.
Lemma 3.8. The Lie algebra (f4C)E1,2,3 ,F1(0,...,3) of the group (F4C)E1,2,3 ,F1(0,...,3) is given by
(f4C)E1,2,3 ,F1(0,...,3) = {δ ∈ f4C | δEi = 0, i = 1, 2, 3, δF1(ek) = 0, k = 0, 1, 2, 3}
= {δ = d45G45 + d46G46 + d47G47 + d56G56 + d57G57 + d67G67 | dkl ∈ C}.
In particular, dimC((f4C)E1,2,3 ,F1(0,...,3)) = 6.
Proof. By doing simple computation, this lemma is proved easily(As for Gi j, see [11,
Section 1.3]). 
We define a 4-dimensional C-vector subspace (VC)4 of JC by
(VC)4 =
{
X ∈ JC
∣∣∣∣∣ E1 ◦ X = 0, (E2, X) = (E3, X) = 0,(F1(ek), X) = 0, k = 0, 1, 2, 3
}
= {X = F1(t) | t = t4e4 + t5e5 + t6e6 + t7e7, tk ∈ C}
with the norm (X, X) = 2(t42 + t52 + t62 + t72). Obviously, the group (F4C)E1,2,3 ,F1(0,...,3) acts
on (VC)4.
Proposition 3.9. The homogeneous space (F4C)E1,2,3 ,F1(0,...,3)/Spin(3,C) is homeomorphic
to the complex sphere (S C)3: (F4C)E1,2,3 ,F1(0,...,3)/Spin(3,C) ≃ (S C)3.
In particular, the group (F4C)E1,2,3 ,F1(0,...,3) is connected.
Proof. We define a 3-dimensional complex sphere (S C)3 by
(S C)3 = {X ∈ (VC)3 | (X, X) = 2}
= {X = F1(t) | t = t4e4 + t5e5 + t6e6 + t7e7, t42 + t52 + t62 + t72 = 1, tk ∈ C}
Then the group (F4C)E1,2,3 ,F1(0,...,3) acts on (S C)3, obviously. We shall show that this action
is transitive. In order to prove this, it is sufficient to show that any element F1(t) ∈ (S C)5
can be transformed to F1(e4) ∈ (S C)3.
Now, for a given X = F1(t) ∈ (S C)3, we choose s0 ∈ R, 0 ≤ s0 ≤ pi such that
tan s0 = −Re(t4)/Re(t5) (if Re(t5) = 0, let s0 = pi/2). Operate g45(s0) := exp(s0G45) ∈
((F4C)E1,2,3 ,F1(0,...,3))0 on X = F1(t) (Lemma 3.8), then we have that
g45(s0)X = g45(s0)F1(t)
= F1(((cos s0)t4 + (sin s0)t5)e4 + ((cos s0)t5 − (sin s0)t4)e5 + t6e6 + t7e7)
= F1(i((cos s0)Im(t4)+ (sin s0)Im(t5))e4+ ((cos s0)t5 − (sin s0)t4)e5 + t6e6 + t7e7)
= F1(ir(1)4 e4 + t(1)5 e5 + t6e6 + t7e7) =: X(1),
where r(1)4 := (cos s0)Im(t4)+ (sin s0)Im(t5) ∈ R, t(1)5 := (cos s0)t5 − (sin s0)t4 ∈ C.
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Moreover, we choose s1 ∈ R, 0 ≤ s1 ≤ pi such that tan s1 = −Re(t5)/Re(t6) (if Re(t6) = 0,
let s1 = pi/2). Operate g56(s1) := exp(s1G56) ∈ ((F4C)E1,2,3 ,F1(0,...,3))0 on X(1) (Lemma 3.8),
then we have that
g56(s1)X(1) = g34(s1)F1(ir(1)4 e4 + t(1)5 e5 + t6e6 + t7e7)
= F1(ir(1)4 e4 + ((cos s1)t5 + (sin s1)t6)e5 + ((cos s1)t6 − (sin s1)t5)e6 + t7e7)
= F1(ir(1)4 e4 + i((cos s1)Im(t5) + (sin s1)Im(t6))e5 + ((cos s1)t6 − (sin s1)t5)e6
+t7e7)
= F1(ir(1)4 e4 + ir(1)5 e5 + t(1)6 e6 + t7e7) =: X(2),
where r(1)5 := (cos s1)Im(t5) + (sin s1)Im(t6) ∈ R, t(1)6 := (cos s1)t6 − (sin s1)t5 ∈ C.
Additionally, we choose s2 ∈ R, 0 ≤ s2 ≤ pi such that tan s2 = −(r(1)4 )/(r(1)5 ) (if r(1)5 = 0,
let s2 = pi/2). Again, operate g45(s2) = exp(s2G45) ∈ ((F4C)E1,2,3 ,F1(0,...,3))0 on X(2), then we
have that
g45(s2)X(2) = g45(s2)F1(ir(1)4 e4 + ir(1)5 e5 + t(1)6 e6 + t7e7)
= F1(i((cos s2)r(1)4 + (sin s2)r(1)5 )e4 + i((cos s2)r(1)5 − (sin s2)r(1)4 )e5 + t(1)6 e6
+t7e7)
= F1(i((cos s2)r(1)5 − (sin s2)r(1)4 )e5 + t(1)6 e6 + t7e7)
= F1(t(2)5 e5 + t(1)6 e6 + t7e7) =: X′ ∈ (S C)2,
where t(2)5 := i((cos s2)r(1)5 − (sin s2)r(1)4 ) ∈ C.
Since Spin(3,C) ( (F4C)E1,2,3 ,F1(0,...,4) ⊂ (F4C)E1,2,3 ,F1(0,...,3)) acts transitively on (S C)2
(Proposition 3.6), there exists α ∈ Spin(3,C) such that
αX′ = F1(e5), X′ ∈ (S C)2.
Again operate g45(pi/2) ∈ (F4C)E1,2,3 ,F1(0,...,3) on F1(e5), then we have that
g45
(pi
2
)
F1(e5) = F1(e4).
This shows the transitivity of action to (S C)3 by the group (F4C)E1,2,3 ,F1(0,...,3). The isotropy
subgroup of the group (F4C)E1,2,3 ,F1(0,...,3) at F1(e4) is (F4C)E1,2,3 ,F1(0,...,4)  Spin(3,C) (Theo-
rem 3.7). Thus we have the required homeomorphism
(F4C)E1,2,3 ,F1(0,...,3)/Spin(3,C) ≃ (S C)3.
Therefore we see that the group (F4C)E1,2,3 ,F1(0,...,3) is connected. 
Theorem 3.10. The group (F4C)E1,2,3 ,F1(0,...,3) is isomorphic to Spin(4,C): (F4C)E1,2,3 ,F1(0,...,3)
 Spin(4,C).
Proof. Since we can prove this theorem as in Theorem 3.7 , this proof is omitted. 
Continuously, we shall construct Spin(5,C) in F4C .
We consider a group (F4C)E1,2,3 ,F1(0,1,2):
(F4C)E1,2,3 ,F1(0,1,2) =
{
α ∈ F4C
∣∣∣∣∣ αEi = Ei, i = 1, 2, 3,αF1(ek) = F1(ek), k = 0, 1, 2
}
.
Lemma 3.11. The Lie algebra (f4C)E1,2,3 ,F1(0,1,2) of the group (F4C)E1,2,3 ,F1(0,1,2) is given by
(f4C)E1,2,3 ,F1(0,1,2) = {δ ∈ f4C | δEi = 0, i = 1, 2, 3, δF1(ek) = 0, k = 0, 1, 2}
=
{
δ = d34G34 + d35G35 + d36G36 + d37G37 + d45G45
+d46G46 + d47G47 + d56G56 + d57G57 + d67G67
∣∣∣∣∣∣ dkl ∈ C
}
.
In particular, dimC((f4C)E1,2,3 ,F1(0,1,2)) = 10.
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Proof. By doing simple computation, this lemma is proved easily (As for Gi j, see [11,
Section 1.3]). 
We define a 5-dimensional C-vector subspace (VC)5 of JC by
(VC)5 =
{
X ∈ JC
∣∣∣∣∣ E1 ◦ X = 0, (E2, X) = (E3, X) = 0,(F1(ek), X) = 0, k = 0, 1, 2
}
= {X = F1(t) | t = t3e3 + t4e4 + t5e5 + t6e6 + t7e7, tk ∈ C}
with the norm (X, X) = 2(t32 + t42 + t52 + t62 + t72). Obviously, the group (F4C)E1,2,3 ,F1(0,1,2)
acts on (VC)5.
Proposition 3.12. The homogeneous space (F4C)E1,2,3 ,F1(0,1,2)/Spin(4,C) is homeomorphic
to the complex sphere (S C)4: (F4C)E1,2,3 ,F1(0,1,2)/Spin(4,C) ≃ (S C)4.
In particular, the group (F4C)E1,2,3 ,F1(0,1,2) is connected.
Proof. We define a 4-dimensional complex sphere (S C)4 by
(S C)4 = {X ∈ (VC)4 | (X, X) = 2}
=
{
X = F1(t)
∣∣∣∣∣ t = t3e3 + t4e4 + t5e5 + t6e6 + t7e7,t32 + t42 + t52 + t62 + t72 = 1, tk ∈ C
}
.
Then the group (F4C)E1,2,3 ,F1(0,1,2) acts on (S C)4, obviously. We shall show that this action
is transitive. In order to prove this, it is sufficient to show that any element F1(t) ∈ (S C)4
can be transformed to F1(e3) ∈ (S C)4.
Now, for a given X = F1(t) ∈ (S C)4, we choose s0 ∈ R, 0 ≤ s0 ≤ pi such that
tan s0 = −Re(t3)/Re(t4) (if Re(t4) = 0, let s0 = pi/2). Operate g34(s0) := exp(s0G34) ∈
((F4C)E1,2,3 ,F1(0,1,2))0 on X = F1(t) (Lemma 3.11), then we have that
g34(s0)X = g34(s0)F1(t)
= F1(((cos s0)t3 + (sin s0)t4)e3 + ((cos s0)t4 − (sin s0)t3)e4 + t5e5 + t6e6 + t7e7)
= F1(i((cos s0)Im(t3) + (sin s0)Im(t4))e3 + ((cos s0)t4 − (sin s0)t3)e4
+t5e5 + t6e6 + t7e7)
= F1(ir(1)3 e3 + t(1)4 e4 + t5e5 + t6e6 + t7e7) =: X(1),
where r(1)3 := (cos s0)Im(t3) + (sin s0)Im(t4) ∈ R, t(1)4 := (cos s0)t4 − (sin s0)t3 ∈ C.
Moreover, we choose s1 ∈ R, 0 ≤ s1 ≤ pi such that tan s1 = −Re(t4)/Re(t5) (if Re(t5) = 0,
let s1 = pi/2). Operate g45(s1) := exp(s1G45) ∈ ((F4C)E1,2,3 ,F1(0,1,2))0 on X(1) (Lemma 3.11),
then we have that
g45(s1)X(1) = g45(s1)F1(ir(1)3 e3 + t(1)4 e4 + t5e5 + t6e6 + t7e7)
= F1(ir(1)3 e3 + ((cos s1)t4 + (sin s1)t5)e4 + ((cos s1)t5 − (sin s1)t4)e5
+t6e6 + t7e7)
= F1(ir(1)3 e3 + i((cos s1)Im(t4) + (sin s1)Im(t5))e4 + ((cos s1)t5 − (sin s1)t4)e5
+t6e6 + t7e7)
= F1(ir(1)3 e3 + ir(1)4 e4 + t(1)5 e5 + t6e6 + t7e7) := X(2),
where r(1)4 := (cos s1)Im(t4) + (sin s1)Im(t5) ∈ R, t(1)5 := (cos s1)t5 − (sin s1)t4 ∈ C.
Additionally, we choose s2 ∈ R, 0 ≤ s2 ≤ pi such that tan s2 = −(r(1)3 )/(r(1)4 ) (if r(1)4 = 0,
let s2 = pi/2). Again, operate g34(s2) = exp(s2G34) ∈ ((F4C)E1,2,3 ,F1(0,1,2))0 on X(2) (Lemma
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3.11), then we have that
g34(s2)X(2) = g34(s2)F1(ir(1)3 e3 + ir(1)4 e4 + t(1)5 e5 + t6e6 + t7e7)
= F1(i((cos s2)r(1)3 + (sin s2)r(1)4 )e3 + i((cos s2)r(1)4 − (sin s2)r(1)3 )e4 + t5e5
+t5e5 + +t6e6 + t7e7)
= F1(i((cos s2)r(1)4 − (sin s2)r(1)3 )e4 + t5e5 + t6e6 + t7e7)
= F1(t(2)4 e4 + t5e5 + t6e6 + t7e7) =: X′ ∈ (S C)3,
where t(2)4 := i((cos s2)r(1)4 − (sin s2)r(1)3 ) ∈ C.
Since Spin(4,C) ( (F4C)E1,2,3 ,F1(0,...,3) ⊂ (F4C)E1,2,3 ,F1(0,...,2)) acts transitively on (S C)3
(Proposition 3.9), there exists α ∈ Spin(4,C) such that
αX′ = F1(e4), X′ ∈ (S C)3.
Again operate g34(pi/2) ∈ (F4C)E1,2,3 ,F1(0,1,2) on F1(e4), then we have that
g34
(pi
2
)
(F1(e4)) = F1(e3).
This shows the transitivity of action to (S C)4 by the group (F4C)E1,2,3 ,F1(0,1,2). The isotropy
subgroup of the group (F4C)E1,2,3 ,F1(0,1,2) at F1(e3) is (F4C)E1,2,3 ,F1(0,...,3)  Spin(4,C) (Theo-
rem 3.10). Thus we have the required homeomorphism
(F4C)E1,2,3 ,F1(0,1,2)/Spin(4,C) ≃ (S C)4.
Therefore we see that the group (F4C)E1,2,3 ,F1(0,1,2) is connected. 
Theorem 3.13. The group (F4C)E1,2,3 ,F1(0,1,2) is isomorphic to Spin(5,C): (F4C)E1,2,3 ,F1(0,1,2)
 Spin(5,C).
Proof. Since we can also prove this theorem as in Theorem 3.7, this proof is omitted. 
Now, we determine the structure of the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 as the aim of this
section .
Lemma 3.14. The Lie algebra (f4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 of the group (F4C)E1 ,E2 ,E3,F1(ek),k=0,1 is
given by
(f4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 = {δ ∈ f4C | δEi = 0, i = 1, 2, 3, δF1(ek) = 0, k = 0, 1}
=

δ = d23G23 + d24G24 + d25G25 + d26G26 + d27G27
+d34G34 + d35G35 + d36G36 + d37G37 + d45G45
+d46G46 + d47G47 + d56G56 + d57G57 + d67G67
∣∣∣∣∣∣∣∣ dkl ∈ C
 .
In particular, dimC ((f4C)E1 ,E2 ,E3,F1(ek),k=0,1) = 15.
Proof. By doing simple computation, this lemma is proved easily (As for Gi j, see [11,
Section 1.3]). 
We define a 6-dimensional C-vector subspace (VC)6 of JC by
(VC)6 =
{
X ∈ JC
∣∣∣∣∣ E1 ◦ X = 0, (E2, X) = (E3, X) = 0,(F1(ek), X) = 0, k = 0, 1
}
= {X = F1(t) | t = t2e2 + t3e3 + t4e4 + t5e5 + t6e6 + t7e7, tk ∈ C}
with the norm (X, X) = 2(t22 + t32 + t42 + t52 + t62 + t72). The group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1
acts on (VC)6, obviously.
Proposition 3.15. The homogeneous space (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1/Spin(5,C) is homeo-
morphic to the complex sphere (S C)5: (F4C)E1 ,E2 ,E3,F1(ek),k=0,1/Spin(5,C) ≃ (S C)5.
In particular, the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 is connected.
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Proof. We define a 5-dimensional complex sphere (S C)5 by
(S C)5 = {X ∈ (VC)6 | (X, X) = 2}
=
{
X = F1(t)
∣∣∣∣∣ t = t2e2 + t3e3 + t4e4 + t5e5 + t6e6 + t7e7,t22 + t32 + t42 + t52 + t62 + t72 = 1, tk ∈ C
}
.
Then the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 acts on (S C)5, obviously. We shall show that this
action is transitive. In order to prove this, it is sufficient to show that any element F1(t) ∈
(S C)5 can be transformed to F1(e2) ∈ (S C)5.
Now, for a given X = F1(t) ∈ (S C)5, we choose s0 ∈ R, 0 ≤ s0 ≤ pi such that
tan s0 = −Re(t2)/Re(t3) (if Re(t3) = 0, let s0 = pi/2). Operate g23(s0) := exp(s0G23) ∈
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 on X = F1(t) (Lemma 3.14), then we have that
g23(s0)X = g23(s0)F1(t)
= F1(((cos s0)t2 + (sin s0)t3)e2 + ((cos s0)t3 − (sin s0)t2)e3
+t4e4 + t5e5 + t6e6 + t7e7)
= F1(i((cos s0)Im(t2) + (sin s0)Im(t3))e2 + ((cos s0)t3 − (sin s0)t2)e3
+t4e4 + t5e5 + t6e6 + t7e7)
= F1(ir(1)2 e2 + t(1)3 e3 + t4e4 + t5e5 + t6e6 + t7e7) =: X(1),
where r(1)2 := (cos s0)Im(t2) + (sin s0)Im(t3) ∈ R, t(1)3 := (cos s0)t3 − (sin s0)t2 ∈ C.
Moreover, we choose s1 ∈ R, 0 ≤ s1 ≤ pi such that tan s1 = −Re(t3)/Re(t4) (if Re(t4) = 0,
let s1 = pi/2). Operate g34(s1) := exp(s1G34) ∈ ((F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1)0 on X(1) (Lemma
3.14), then we have that
g34(s1)X(1) = g34(s1)F1(ir(1)2 e2 + t(1)3 e3 + t4e4 + t5e5 + t6e6 + t7e7)
= F1(ir(1)2 e2 + ((cos s1)t3 + (sin s1)t4)e3 + ((cos s1)t4 − (sin s1)t3)e4
+t5e5 + t6e6 + t7e7)
= F1(ir(1)2 e2 + i((cos s1)Im(t3) + (sin s1)Im(t4))e3 + ((cos s1)t4 − (sin s1)t3)e4
+t5e5 + t6e6 + t7e7)
= F1(ir(1)2 e2 + ir(1)3 e3 + t(1)4 e4 + t5e5 + t6e6 + t7e7) =: X(2),
where r(1)3 := (cos s1)Im(t3) + (sin s1)Im(t4) ∈ R, t(1)4 := (cos s1)t4 − (sin s1)t3 ∈ C.
Additionally, we choose s2 ∈ R, 0 ≤ s2 ≤ pi such that tan s2 = −(r(1)2 )/(r(1)3 ) (if r(1)3 = 0, let
s2 = pi/2). Again, operate g23(s2) = exp(s2G23) ∈ ((F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1)0 on X(2), then
we have that
g23(s2)X(2) = g23(s2)F1(ir(1)2 e2 + ir(1)3 e3 + t(1)4 e4 + t5e5 + t6e6 + t7e7)
= F1(i((cos s2)r(1)2 + (sin s2)r(1)3 )e2 + i((cos s2)r(1)3 − (sin s2)r(1)2 )e3
+t4e4 + t5e5 + t6e6 + t7e7)
= F1(i((cos s2)r(1)3 − (sin s2)r(1)2 )e3 + t4e4 + t5e5 + t6e6 + t7e7)
= F1(ir(2)3 e3 + t4e4 + t5e5 + t6e6 + t7e7) =: X′ ∈ (S C)4,
where r(2)3 := (cos s2)r(1)3 − (sin s2)r(1)2 ∈ R.
Since Spin(5,C)( (F4C)E1,2,3 ,F1(0,...,2)⊂ (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1) acts transitively on (S C)4
(Proposition 3.12), there exists α ∈ Spin(5,C) such that
αX′ = F1(e3), X′ ∈ (S C)4.
Again operate g23(pi/2) ∈ ((F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1)0 on F1(e3), then we have that
g23
(pi
2
)
F1(e3) = F1(e2).
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This shows the transitivity of action to (S C)5 by the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1. The
isotropy subgroup of the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 at F1(e2) is Spin(5,C) (Theorem
3.13). Thus we have the required homeomorphism
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1/Spin(5,C) ≃ (S C)5.
Therefore we see that the group (F4C)E1 ,E2 ,E3,F1(ek),k=0,1 is connected. 
Theorem 3.16. The group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 is isomorphic to Spin(6,C):
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  Spin(6,C).
Proof. This proof is proved by an argument similar to the proof in Theorem 3.7, however
we write as possible in detail. Let O(6,C) = O((VC)6) = {β ∈ IsoC((VC)6) | (βX, βY) =
(X, Y)}. We consider the restriction β = α
∣∣∣(VC )6 of α ∈ (F4C)E1 ,E2,E3 ,F1(ek),k=0,1 to (VC)6, then
we have β ∈ O(6,C). Hence we can define a homomorphism p : (F4C)E1 ,E2,E3 ,F1(ek),k=0,1 →
O(6,C) = O((VC)6) by
p(α) = α
∣∣∣(VC )6 .
Since the mapping p is continuous and the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 is connected
(Proposition 3.15), the mapping p induces a homomorphism p : (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 →
SO(6,C) = SO((VC)6). It is easy to obtain that Ker p = {1, σ}  Z2. Indeed, Let α ∈ Ker p.
Then, since α ∈ (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 ⊂ (F4C)E1 ,E2 ,E3  Spin(8,C) (Theorem 3.1), we can
set α = (α1, α2, α3). Moreover, from αF1(ek) = F1(ek), k = 0, 2 and α
∣∣∣(VC )6= 1, we have
α1x = x for all x ∈ CC , that is, α1 = 1. Hence we have that
α = (1, 1, 1) or α = (1,−1,−1) = σ,
that is, Ker p ⊂ {1, σ} and vice versa. Thus we obtain Ker p = {1, σ}. From Lemma
3.11, we have that dimC((F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1) = 15 = dim C(so(6,C)), and in addition to
this, since SO(6,C) is connected and Ker p is discrete, p is surjection. Thus we have the
isomorphism
(F4C)E1 ,E2,E3 ,F1(ek),k=0,1/Z2  SO(6,C).
Therefore the group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 is isomorphic Spin(6,C) as the universal
covering group of SO(6,C), that is, (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  Spin(6,C). 
Here, we make a summary of the results as the low dimensional spinor groups which
were constructed in this section. It is as follows:
(F4C)E1 ,E2 ,E3,F1(ek),k=0,1  Spin(6,C)
∪
(F4C)E1 ,E2 ,E3,F1(ek),k=0,1,2  Spin(5,C)
∪
(F4C)E1 ,E2 ,E3,F1(ek),k=0,...,3  Spin(4,C)
∪
(F4C)E1 ,E2 ,E3,F1(ek),k=0,...,4  Spin(3,C)
∪
(F4C)E1 ,E2 ,E3,F1(ek),k=0,...,5  Spin(2,C)  U(1,CC).
In the last of this section, we prove the following important lemma.
Lemma 3.17. The group (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  Spin(6,C) is the subgroup of the group
(F4C)σ′4 = {α ∈ F4C |σ′4α = ασ′4 }: Spin(6,C)  (F4C)E1 ,E2,E3 ,F1(ek),k=0,1 ⊂ (F4C)σ
′
4
.
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Proof. We consider the following complex eigenspaces of σ′4 in JC:
(JC)σ′4 = {X ∈ JC |σ′4 X = X}(⊂ (JC)σ)
= {X = ξ1E1 + ξ2E2 + ξ3E3 + F1(x1) | ξk ∈ C, x1 ∈ CC},
(JC)−σ′4 = {X ∈ JC |σ′4 X = −X}(= {F1(x1⊥)} ⊕ (JC)−σ)
= {X = F1(x1⊥) + F2(x2) + F3(x3)) | x1⊥ ∈ (CC)⊥ inCC , xk ∈ CC},
where (JC)σ, (JC)−σ are the complex eigenspaces of the C-linear transformation σ in JC .
Now, let α ∈ (F4C)E1 ,E2,E3 ,F1(ek),k=0,1, and set X = X1+X2 ∈ (JC)σ′4 ⊕ (JC)−σ′4 = JC . Then
we have that
σ′4 αX = σ
′
4 α(X1 + X2) = σ′4 αX1 + σ′4 αX2
= σ′4 X1 + σ
′
4 α(F1(x1⊥) + F2(x2) + F3(x3))
= X1 + σ′4 αF1(x1⊥) + σ′4 (F2(x2′) + F3(x3′)) (α ∈ (F4C)E1 = (F4C)σ)
= X1 + σ′4 αF1(x1⊥) − (F2(x2′) + F3(x3′))
= X1 + σ′4 F1(x1⊥) − (F2(x2′) + F3(x3′))
= X1 − F1(x1⊥) − F2(x2′) − F3(x3′),
ασ′4 X = ασ
′
4 (X1 + X2) = α(X1 − X2) = X1 − αX2
= X1 − α(F1(x1⊥) + F2(x2) + F3(x3))
= X1 − αF1(x1⊥) − (F2(x2′) + F3(x3′))
= X1 − F1(x1⊥) − F2(x2′) − F3(x3′).
Hence we see σ′4α = ασ
′
4 , that is, Spin(6,C)  (F4C)E1 ,E2 ,E3,F1(ek),k=0,1 ⊂ (F4C)σ
′
4
. 
4. The groups (E7C)σ′4 and (E7C)σ′4,so(6,C)
The aim of this section is to show the connectedness of the group (E7C)σ′4,so(6,C) after
determining the structure of the group (E7C)σ′4 .
Now, we define subgroups (E7C)σ′4 and (E7C)σ′4,so(6,C) of E7C respectively by
(E7C)σ′4 = {α ∈ E7C |σ′4α = ασ′4},
(E7C)σ′4,so(6,C) = {α ∈ (E7C)σ′4 |ΦDα = αΦD for all D ∈ so(6,C)},
where ΦD = (D, 0, 0, 0) ∈ e7C ,D ∈ so(6,C)  (f4C)E1 ,E2,E3 ,F1(ek),k=0,1. Hereafter, we often
denote D above by D6.
Lemma 4.1. We have the following.
(1) The Lie algebra (e7C)σ′4 of the group (E7C)σ′4 is given by
(e7C)σ′4 = {Φ ∈ e7C |σ′4Φ = Φσ′4}
=

Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ =

D2 0
D60

+ ˜A1(a)
+(τ1E1+τ2E2+τE3+F1(t1))∼
D2 ∈ so(2,C),D6 ∈ so(6,C), a ∈ CC , τk ∈ C,
τ1 + τ2 + τ3 = 0, t1 ∈ CC ,
A =

ξ1 0 0
0 ξ2 x1
0 x1 ξ3
 , B =

η1 0 0
0 η2 y1
0 y1 η3
 ,
ξk ∈ C, x1 ∈ CC , ηk ∈ C, y1 ∈ CC ,
ν ∈ C

.
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In particular, dimC((e7C)σ′4 ) = ((1 + 15) + 2 + (2 + 2)) + (3 + 2) × 2 + 1 = 33.
(2) The Lie algebra (e7C)σ′4,so(6,C) of the group (E7C)σ′4,so(6,C) is given by
(e7C)σ′4,so(6,C) = {Φ ∈ (e7C)σ′4 | [Φ,ΦD] = 0 for all D ∈ so(6,C)}
=

Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ =

D2 0
00

+ ˜A1(a)
+(τ1E1+τ2E2+τE3+F1(t1))∼
D2 ∈ so(2,C), a ∈ CC , τk ∈ C,
τ1 + τ2 + τ3 = 0, t1 ∈ CC ,
A =

ξ1 0 0
0 ξ2 x1
0 x1 ξ3
 , B =

η1 0 0
0 η2 y1
0 y1 η3
 ,
ξk ∈ C, x1 ∈ CC , ηk ∈ C, y1 ∈ CC ,
ν ∈ C

.
In particular, dimC((e7C)σ′4,so(6,C)) = (1 + 2 + (2 + 2)) + (3 + 2) × 2 + 1 = 18.
Proof. By doing simple computation, this lemma is proved easily. 
First, making some preparations, we shall determine the structure of the group (E7C)σ′4 .
Hereafter, we often use the following notations in PC :
˙X = (X, 0, 0, 0), Y˙ = (0, Y, 0, 0), ˙ξ = (0, 0, ξ, 0), η
˙
= (0, 0, 0, η),
˜E1 = (0, E1, 0, 1), ˜E−1 = (0,−E1, 0, 1), E2+˙E3 = (E2 + E3, 0, 0, 0),
E2−˙E3 = (E2 − E3, 0, 0, 0), ˙F1(ek) = (F1(ek), 0, 0, 0), k = 0, . . . , 7.
We define C-linear transformations κ, µ of PC by
κ(X, Y, ξ, η) = (−κ1X, κ1Y,−ξ, η),
µ(X, Y, ξ, η) = (2E1 × Y + ηE1, 2E1 × X + ξE1, (E1, Y), (E1, X)),
respectively, where κ1X = (E1, X)E1 − 4E1 × (E1 × X), X ∈ JC . The explicit forms of κ, µ
are as follows:
κ(X, Y, ξ, η) = κ(

ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3
 ,

η1 y3 y2
y3 η2 y1
y2 y1 η3
 , ξ, η)
= (

−ξ1 0 0
0 ξ2 x1
0 x1 ξ3
 ,

η1 0 0
0 −η2 −y1
0 −y1 −η3
 ,−ξ, η),
µ(X, Y, ξ, η) = (

η 0 0
0 η3 −y1
0 −y1 η2
 ,

ξ 0 0
0 ξ3 −x1
0 −x1 ξ2
 , η1, ξ1).
By doing simple computation, we can easily confirm that κσ′4 = σ′4κ, µσ′4 = σ′4µ.
We define a group ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 by
((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 =

α ∈ E7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
κα = ακ, µα = αµ,
α ˜E1 = ˜E1, α ˜E−1 = ˜E−1
α(E2+˙E3) = E2+˙E3,
α(E2−˙E3) = E2−˙E3,
α ˙F1(ek) = ˙F1(ek), k = 0, 1

.
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Proposition 4.2. The group ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 is isomorphic to
Spin(6,C): ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1  Spin(6,C).
Proof. Let α ∈ ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1. Then from α(0, E1, 0, 1) = (0, E1, 0, 1)
and α(0,−E1, 0, 1) = (0,−E1, 0, 1), we have that α(0, E1, 0, 0) = (0, E1, 0, 0), α(0, 0, 0, 1)
= (0, 0, 0, 1). Hence we see that α(E1, 0, 0, 0) = (E1, 0, 0, 0), α(0, 0, 1, 0) = (0, 0, 1, 0).
Indeed, it follows that
α(E1, 0, 0, 0) = αµ(0, 0, 0, 1) = µα(0, 0, 0, 1) = µ(0, 0, 0, 1) = (E1, 0, 0, 0),
α(0, 0, 1, 0) = αµ(0, E1, 0, 0) = µα(0, E1, 0, 0) = µ(0, E1, 0, 0) = (0, 0, 1, 0).
Thus from α˙1 = ˙1 and α1˙ = 1˙, we see α ∈ E6C , moreover from αEi = Ei, i = 1, 2, 3, that
is, αE = E, we see α ∈ F4C . Note that suppose α ∈ F4C , α satisfies κα = ακ, αµ = µα,
automatically. Hence we have α ∈ (F4C)E1 ,E2 ,E3,F1(ek),k=0,1, and vice versa. Thus we have
((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 = (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1.
Therefore, from Theorem 3.16 we have the required isomorphism
((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1  Spin(6,C).

First we shall construct one more Spin(3,C) in F4C .
Here, we define a group (F4C)E1 ,F1(ek),k=2,...,7 by
(F4C)E1,F1(ek),k=2,...,7 = {α ∈ F4C |αE1 = E1, αF1(ek) = F1(ek), k = 2, . . . , 7},
moreover define a 3-dimensional C-vector subspace (V−C)3 of JC by
(V−C)3 = {X ∈ JC | E1 ◦ X = 0, tr(X) = 0, (F1(ek), X) = 0, k = 2, . . . , 7}
=
{
0 0 0
0 ξ x
0 x −ξ

∣∣∣∣∣ ξ ∈ C, x ∈ CC}
with the norm (X, X) = 2(ξ2 + xx). Obviously, the group (F4C)E1 ,F1(ek),k=2,...,7 acts on (V−C)3.
Lemma 4.3. The Lie algebra (f4C)E1 ,F1(ek),k=2,...,7 of the group (F4C)E1 ,F1(ek),k=2,...,7 is given
by
(f4C)E1,F1(ek),k=2,...,7 =
{
δ ∈ f4C
∣∣∣∣∣∣ δE1 = 0,δF1(ek) = 0, k = 2, . . . , 7
}
=
{
δ =

D2 0
00
 + ˜A1(a)
∣∣∣∣∣∣ D2 ∈ so(2,C), a ∈ CC
}
.
In particular, dimC((f4C)E1 ,F1(ek),k=2,...,7) = 3.
Proof. By doing simple computation, this lemma is proved easily. 
Proposition 4.4. The homogeneous space (F4C)E1 ,F1(ek),k=2,...,7/U(1,CC) is homeomorphic
to the complex sphere (S −C)2: (F4C)E1 ,F1(ek),k=2,...,7/U(1,CC) ≃ (S −C)2.
In particular, the group (F4C)E1 ,F1(ek),k=2,...,7 is connected.
Proof. We define a 2-dimensional complex sphere (S −C)2 by
(S −C)2 = {X ∈ (V−C)3 | (X, X) = 2}
=
{
0 0 0
0 ξ x
0 x −ξ

∣∣∣∣∣ ξ2 + xx = 1, ξ ∈ C, x ∈ CC}.
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Then the group (F4C)E1 ,F1(ek),k=2,...,7 acts on (S −C)2, obviously. We shall show that this action
is transitive. In order to prove this, it is sufficient to show that any element X ∈ (S −C)2 can
be transformed to E2−E3 ∈ (S −C)2. Here, we prepare some element of (F4C)E1 ,F1(ek),k=2,...,7.
For a ∈ CC such that aa , 0, we define a C-linear transformationα(a) of JC , α(a)X(ξ, x) =:
Y(η, y), by 
η1 = ξ1
η2 =
ξ2 + ξ3
2
+
ξ2 − ξ3
2
cos 2ν + (a, x1)
ν
sin 2ν
η3 =
ξ2 + ξ3
2
− ξ2 − ξ3
2
cos 2ν − (a, x1)
ν
sin 2ν,
y1 = x1 −
(ξ2 − ξ3)a
2ν
sin 2ν − 2(a, x1)a
ν2
sin2 ν
y2 = x2 cos ν −
x3a
ν
sin ν
y3 = x3 cos |a| +
ax2
ν
sin ν,
where ν ∈ C, ν2 = aa.
Then we see α(a) = exp ˜A(a) ∈ ((F4C)E1 ,F1(ek),k=2,...,7)0 (Lemma 4.3).
Now, let X =

0 0 0
0 ξ x
0 x −ξ
 ∈ (S −C)2. We choose a ∈ CC such that (a, x) = 0 and
aa = (pi/4)2. Operate α(a) ∈ ((F4C)E1 ,F1(ek),k=2,...,7)0 on X, then we have that
α(a)X =

0 0 0
0 0 x′
0 x′ 0
 =: X′, x′x′ = 1.
Moreover, using this x′ above, operate α(pi/4x′) on X′, then we have
α
(pi
4
x′
)
X′ = E2 − E3.
This shows the transitivity of this action to (S −C)2 by the group (F4C)E1,F1(ek),k=2,...,7. The
isotropy subgroup of (F4C)E1 ,F1(ek),k=2,...,7 at E2−E3 is the group (F4C)E1 ,E2−E3 ,F1(ek),k=2,...,7 =
(F4C)E1 ,E2+E3 ,E2−E3 ,F1(ek),k=2,...,7 = (F4C)E1 ,E2 ,E3,F1(ek),k=2,...,7  U(1,CC) (Theorem 3.3).
Thus we have the required homeomorphism
(F4C)E1 ,F1(ek),k=2,...,7/U(1,CC) ≃ (S −C)2.
Therefore we see that the group (F4C)E1 ,F1(ek),k=2,...,7 is connected. 
Theorem 4.5. The group (F4C)E1 ,F1(ek),k=2,...,7 is isomorphic to Spin(3,C):
(F4C)E1 ,F1(ek),k=2,...,7  Spin(3,C).
Proof. Let O(3,C) = O((V−C)3) = {β ∈ IsoC((V−C)3) | (βX, βY) = (X, Y)}. We consider the
restriction β = α
∣∣∣(V−C )3 of α ∈ (F4C)E1 ,F1(ek),k=2,...,7 to (V−C)3, then we have β ∈ O(3,C).
Hence we can define a homomorphism p : (F4C)E1 ,F1(ek),k=2,...,7 → O(3,C) = O((V−C)3) by
p(α) = α
∣∣∣(V−C )3 .
Since the mapping p is continuous and the group (F4C)E1 ,F1(ek),k=2,...,7 is connected, the
mapping p induces a homomorphism p : (F4C)E1 ,F1(ek),k=2,...,7 → SO(3,C) = SO((V−C)3) by
p(α) = α|(V−C)3 .
It is not difficult to obtain that Ker p = {1, σ}  Z2. Indeed, let α ∈ Ker p = {α ∈
(F4C)E1 ,F1(ek),k=2,...,7 | p(α) = 1}, that is, α ∈ {α ∈ (F4C)E1 ,F1(ek),k=2,...,7 |α|(V−C )3 = 1}. It
follows from αE1 = E1, αE = E that α(E2 + E3) = E2 + E3, moreover since α|(V−C )3 = 1,
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we also see α(E2 − E3) = E2 − E3. Hence, since we have αE1 = E1, αE2 = E2, αE3 = E3,
we see α ∈ (F4C)E1 ,E2 ,E3  Spin(8,C), and so set α = (α1, α2, α3), αk ∈ SO(8,C). Thus
again from αF1(ek) = F1(ek), k=2,...,7 and α|(V−C)3 = 1, we have α1 = 1. Hence from the
Principal of triality on SO(8,C), we see α = (1, 1, 1) = 1 or α = (1,−1,−1) = σ, that is,
Ker p ⊂ {1, σ} and vice versa. Thus we see Ker p = {1, σ}. Finally, we shall show that p is
surjection. Since SO(3,C) is connected, Ker p is discrete and dimC((f4C)E1 ,F1(ek),k=2,...,7) =
3 = dimC(so(3,C)) (Lemma 4.3), p is surjection. Thus we have that
(F4C)E1 ,F1(ek),k=2,...,7/Z2  SO(3,C).
Therefore the group (F4C)E1 ,F1(ek),k=2,...,7 is isomorphic to Spin(3,C) as the universal
covering group of SO(3,C), that is, (F4C)E1 ,F1(ek),k=2,...,7  Spin(3,C). 
Next, we shall construct one more Spin(4,C) in E6C , and so we define subgroups
((E6C)σ)E1 , ((E6C)σ)E1 ,F1(ek),k=2,...,7 of E6C by
((E6C)σ)E1 = {α ∈ E6C |σα = ασ, αE1 = E1}( Spin(10,C)),
((E6C)σ)E1 ,F1(ek),k=2,...,7 = {α ∈ ((E6C)σ)E1 |αF1(ek) = F1(ek), k = 2, . . . , 7},
respectively, where as for ((E6C)σ)E1 Spin(10,C), see [8, Proposition 3.6.4] in detail, and
the C-linear transformation σ defined in Section 2 induces the involutive automorphism σ˜
of E6C , moreover define a 4-dimensional C-vector subspace (V−C)4 of JC by
(V−C)4 = {X ∈ JC | 4E1 × (E1 × X) = X, F1(ek) × X = 0, k = 2, . . . , 7}
=
{
0 0 0
0 ξ2 x1
0 x1 ξ3

∣∣∣∣ ξi ∈ C, x1 ∈ CC ⊂ CC}
with the norm (−E1, X, X) = −ξ2ξ3+ x1x1. The group ((E6C)σ)E1 ,F1(ek),k=2,...,7 acts on (V−C)4,
obviously.
Lemma 4.6. The Lie algebra ((e6C)σ)E1 ,F1(ek),k=2,...,7 of the group ((E6C)σ)E1 ,F1(ek),k=2,...,7 is
given by
((e6C)σ)E1 ,F1(ek),k=2,...,7 =
{
φ ∈ e6C
∣∣∣∣ σφ = φσ,
φE1 = 0, φF1(ek) = 0, k = 2, . . . , 7
}
=
{
φ =

D2 0
00

+ ˜A1(a)
+(τE2 − τE3 + F1(t))∼
∣∣∣∣∣∣ D2 ∈ so(2,C),a, t ∈ CC , τ ∈ C
}
.
In particular, dimC(((e6C)σ)E1 ,F1(ek),k=2,...,7) = 6.
Proof. By doing simple computation, this lemma is proved easily. 
Proposition 4.7. The homogeneous space ((E6C)σ)E1 ,F1(ek),k=2,...,7/Spin(3,C) is homeomor-
phic to the complex sphere (S −C)3: ((E6C)σ)E1 ,F1(ek),k=2,...,7/Spin(3,C) ≃ (S −C)3.
In particular, the group ((E6C)σ)E1 ,F1(ek),k=2,...,7 is connected.
Proof. We define a 3-dimensional complex sphere (S −C)3 by
(S −C)3 = {X ∈ (V−C)4 | (−E1, X, X) = 1}
=
{
0 0 0
0 ξ2 x1
0 x1 ξ3

∣∣∣∣ −ξ2ξ3 + x1x1 = 1, ξk ∈ C, x1 ∈ CC ⊂ CC}.
The group ((E6C)σ)E1 ,F1(ek),k=2,...,7 acts on (S −C)3. Indeed, for α ∈ ((E6C)σ)E1 ,F1(ek),k=2,...,7 ⊂
((E6C)σ)E1 , it follows from [8, Lemma 3.6.2] that tα−1 ∈ ((E6C)σ)E1 ,F1(ek),k=2,...,7. Hence,
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for X ∈ (S −C)3 we have that
4E1 × (E1 × αX) = 4tα−1E1 × (αE1 × αX) = 4tα−1E1 × tα−1(E1 × X)
= α(4E1 × (E1 × X))
= αX,
F1(ek) × αX = αF1(ek) × αX = tα−1(F1(ek) × X)
= 0,
that is, αX ∈ (V−C)4. Moreover, it is clear that (−E1, αX, αX) = 1. Thus we see αX ∈ (S −C)3.
We shall prove that this action is transitive. In order to prove this, it is sufficient to show
that any element X ∈ (S −C)3 can be transformed to i(E2 + E3) ∈ (S −C)3. Then we prepare
some elements of ((E6C)σ)E1 ,F1(ek),k=2,...,7.
For t ∈ CC ⊂ CC such that t t , 0, we define a C-linear transformation β1(t) of JC ,
β1(t)X(ξ, x) = Y(η, y), by
η1 = ξ1
η2 =
ξ2 − ξ3
2
+
ξ2 + ξ3
2
cosh ν +
(t, x1)
ν
sinh ν
η3 = −
ξ2 − ξ3
2
+
ξ2 + ξ3
2
cosh ν + (t, x1)
ν
sinh ν,
y1 = x1 +
(ξ2 + ξ3)t
2ν
sinh ν + 2(t, x1)t
ν2
sinh2 ν
2
y2 = x2 cosh
ν
2
+
x3t
ν
sinh ν
2
y3 = x3 cosh
ν
2
+
tx2
ν
sinh ν
2
,
where ν ∈ C, ν2 = t t, moreover define a C-linear transformation α23(c) of JC by
α23(c)

ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3
 =

ξ1 e
c/2x3 e
−c/2x2
ec/2x3 e
cξ2 x1
e−c/2x2 x1 e−cξ3
 ,
where c ∈ C. Then since we can express β1(t) = exp F1(t)∼ and α23(c) = exp c(E2 − E3)∼
for F1(t)∼, c(E2 − E3)∼ ∈ ((e6C)σ)E1 ,F1(ek),k=2,...,7 (Lemma 4.6), we see that β1(t), α23(c) ∈
(((E6C)σ)E1 ,F1(ek),k=2,...,7)0.
Now, let X =

0 0 0
0 ξ2 x1
0 x1 ξ3
 ∈ (S −C)3. Operate some α0 ∈ (((E6C)σ)E1 ,F1(ek),k=2,...,7)0 on X,
and so X can be transformed to

0 0 0
0 ξ x′1
0 x′1 −ξ
 ∈ (S −C)2, that is,
α0X =

0 0 0
0 ξ x′1
0 x′1 −ξ
 ∈ (S −C)2.
Indeed, we have the following.
Case (i) where x1 x1 , 0.
We choose some t0 = i(pi/2)(e1x1/(x1x1)1/2) ∈ CC . Then since it is easy to verify that
(t0, x1) = (i
(pi
2
) e1x1√
x1x1
, x1) = i
(pi
2
) 1√
x1 x1
(e1x1, x1) = i
(pi
2
) 1√
x1x1
(e1, 1)(x1, x1) = 0,
ν2 = t0 t0 = i
(pi
2
) e1x1√
x1x1
i
(pi
2
) e1x1√
x1x1
= −
(pi
2
)2 (e1x1)(e1x1)√
x1x1
2 = −
(pi
2
)2 x1x1
x1x1
= −
(pi
2
)2
,
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operate α0 := β1(t0) on X, and so we easily see that the η2-part and the η3-part of α0X
are (ξ2 − ξ3)/2 and −(ξ2 − ξ3)/2, respectively. Hence we can confirm the form of α0X as
above.
Case (ii) where x1 x1 = 0.
From the condition of (S −C)3, we have ξ2ξ3 = 1. Then set ξ2 = er2+iθ2 , r2, θ2 ∈ R.
Operateα23(−r2−iθ2) on X, and so we easily see that the η2-part and the η3-part of α23(−r2−
iθ2)X are equal to 1, that is,
α23(−r2 − iθ2)X =

0 0 0
0 1 x1
0 x1 1
 =: X1.
Moreover, operate α23(ipi/2) on X1, then we have that
α23
(
i
pi
2
)
X1 =

0 0 0
0 i x1
0 x1 −i
 ∈ (S −C)2.
Hence this case is reduced to Case (i).
Since Spin(3,C) ( (F4C)E1 ,F1(ek),k=2,...,7 ⊂ ((E6C)σ)E1 ,F1(ek),k=2,...,7) acts transitively on
(S −C)2 (Proposition 4.4), there exists α ∈ Spin(3,C) such that
αX = E2 − E3.
Again, operate α23(ipi/2) on E2 − E3, then we have that
α23
(
i
pi
2
)
(E2 − E3) = i(E2 + E3).
This shows the transitivity of this action to (S −C)3 by the group ((E6C)σ)E1 ,F1(ek),k=2,...,7.
The isotropy subgroup of the group ((E6C)σ)E1 ,F1(ek),k=2,...,7 at i(E2 + E3) is Spin(3,C) 
(F4C)E1 ,F1(ek),k=2,...,7 = ((E6C)σ)E1 ,E2+E3 ,F1(ek),k=2,...,7 (Theorem 4.5, Section 2). Thus we have
the required homeomorphism
((E6C)σ)E1 ,F1(ek),k=2,...,7/Spin(3,C) ≃ (S −C)3.
Therefore we see that the group ((E6C)σ)E1 ,F1(ek),k=2,...,7 is connected. 
Theorem 4.8. The group ((E6C)σ)E1 ,F1(ek),k=2,...,7 is isomorphic to Spin(4,C):
((E6C)σ)E1 ,F1(ek),k=2,...,7  Spin(4,C).
Proof. Let O(4,C) = O((V−C)4) = {β ∈ IsoC((V−C)4) | (E1, βX, βY) = (E1, X, Y)}. We
consider the restriction β = α
∣∣∣(V−C )4 of α ∈ ((E6C)σ)E1 ,F1(ek),k=2,...,7 to (V−C)4, then we
have β ∈ O(4,C). Hence we can define a homomorphism p : ((E6C)σ)E1 ,F1(ek),k=2,...,7 →
O(4,C) = O((V−C)4) by
p(α) = α
∣∣∣(V−C )4 .
Since the mapping p is continuous and the group ((E6C)σ)E1 ,F1(ek),k=2,...,7 is connected
(Proposition 4.7), the mapping p induces a homomorphism p : ((E6C)σ)E1 ,F1(ek),k=2,...,7 →
SO(4,C) = SO((V−C)4). It is not difficult to obtain that Ker p = {1, σ}  Z2. Indeed, Let
α ∈ Ker p. For E2 + E3, E2 − E3 ∈ (V−C)4, since α(E2 + E3) = E2 + E3 and α(E2 − E3) =
E2 − E3, that is, αE2 = E2, αE3 = E3, we have that α ∈ ((E6C)σ)E1 ,E2,E3 ,F1(ek),k=2,...,7 
(F4C)E1 ,E2 ,E3 ,F1(ek),k=2,...,7  U(1,CC) (Theorem 3.3). Hence there exists θ ∈ U(1,CC)
such that α = φ(θ), where φ is defined in Theorem 3.3, then it follows from αF1(1) =
F1(1), F1(1) ∈ (V−C)4 that we have (θ)2 = 1, that is, θ = 1 or θ = −1. Thus we have that
α = φ(1) = 1 or α = φ(−1) = σ,
that is, Ker p ⊂ {1, σ} and vice versa. Hence we obtain that Ker p = {1, σ}. Finally,
we shall show that p is surjection. Since SO(4,C) is connected, Ker p is discrete and
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dimC(((e6C)σ)E1 ,F1(ek),k=2,...,7) = 6 = dimC(so(4,C))(Lemma 4.6), p is surjection. Thus we
have that
((E6C)σ)E1 ,F1(ek),k=2,...,7/Z2  SO(4,C).
Therefore the group ((E6C)σ)E1 ,F1(ek),k=2,...,7 is isomorphic to Spin(4,C) as the universal
double covering group of SO(4,C), that is, ((E6C)σ)E1 ,F1(ek),k=2,...,7  Spin(4,C). 
We define a group ((E7C)κ,µ) ˜E1 , ˜E−1 , ˙F1(ek),k=2,...,7 by
((E7C)κ,µ) ˜E1 , ˜E−1 , ˙F1(ek),k=2,...,7 =
α ∈ E7C
∣∣∣∣∣∣∣∣
κα = ακ, µα = αµ,
α ˜E1 = ˜E1, α ˜E−1 = ˜E−1
α ˙F1(ek) = ˙F1(ek), k = 2, . . . , 7
 .
Then we have the following proposition.
Proposition 4.9. The group ((E7C)κ,µ) ˜E1 , ˜E−1 , ˙F1(ek),k=2,...,7 is equal to the group
((E6C)σ)E1 ,F1(ek),k=2,...,7:((E7C)κ,µ) ˜E1 , ˜E−1 , ˙F1(ek),k=2,...,7 = ((E6C)σ)E1 ,F1(ek),k=2,...,7  Spin(4,C).
Proof. Let α ∈ ((E7C)κ,µ) ˜E1 , ˜E−1 ,F1(ek),k=2,...,7. From α ˜E1 = ˜E1 and α ˜E−1 = ˜E−1, we have
α1˙ = 1˙, and so as in the proof of Proposition 4.2, we have α˙1 = ˙1. Thus we see α ∈
(E7C)˙1,1˙ = E6C . Moreover, since we can confirm α ˙E1 = ˙E1 from the condition above ,
we have α ∈ (E6C)E1 , and from κα = ακ, together with −σ = exp(piiκ), we have (−σ)α =
α(−σ), that is, σα = ασ. Thus we have α ∈ ((E6C)σ)E1 ,F1(ek),k=2,...,7.
Conversely, let β ∈ ((E6C)σ)E1 ,F1(ek),k=2,...,7. It is clear that β ˜E1 = ˜E1 and β ˜E−1 = ˜E−1.
For C-linear transformation κ1 of JC: κ1X = (E1, X)E1−4E1×(E1×X), we have κ1β = βκ1.
Indeed, note that suppose βE1 = E1, we have tβ−1E1 = E1 (see [8, Lemma 3.6.2]).
κ1βX = (E1, βX)E1 − 4E1 × (E1 × βX)
= (tβ−1E1, βE1)βE1 − 4tβ−1E1 × (βE1 × βX)
= (tβtβ−1E1, E1)βE1 − 4tβ−1E1 × tβ−1(E1 × X)
= (E1, βX)βE1 − 4β(E1 × (E1 × βX))
= β((E1, X)E1 − 4E1 × (E1 × X))
= βκ1X,
that is, κ1β = βκ1. Similarly, we can show κ1tβ−1 = tβ−1κ1. Hence we have that
κβ(X, Y, ξ, η) = κ(βX, tβ−1, ξ, η)
= (−κ1βX, κ1tβ−1Y,−ξ, η)
= (−βκ1X, tβ−1κ1Y,−ξ, η)
= β(−κ1X, κ1Y,−ξ, η)
= βκ(X, Y, ξ, η),
that is, κβ = βκ. Additionally, we can show that µβ = βµ. Indeed, for (X, Y, ξ, η) ∈ PC , we
do simple computation as follows:
µβ(X, Y, ξ, η) = µ(βX, tβ−1Y, ξ, η)
= Φ(0, E1, E1, 0)(βX, tβ−1Y, ξ, η)
= (2E1 × tβ−1Y + ηE1, 2E1 × βX + ξE1, (E1, tβ−1Y), (E1, βX))
= (2tβ−1E1 × tβ−1Y+ηβE1, 2βE1 × βX+ξtβ−1E1, (βE1, tβ−1Y), (tβ−1E1, βX))
= (2β(E1 × Y)+ηβE1, 2tβ−1(E1 × X)+ξtβ−1E1, (β−1βE1, Y), (tβ−1β−1E1, X))
= (β(2E1 × Y + ηE1), tβ−1(2E1 × X + ξE1), (E1, Y), (E1, X))
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= β(2E1 × Y + ηE1, 2E1 × X + ξE1, (E1, Y), (E1, X))
= βΦ(0, E1, E1, 0)(X, Y, ξ, η)
= βµ(X, Y, ξ, η),
that is, µβ = βµ. Hence we have β ∈ ((E7C)κ,µ) ˜E1 , ˜E−1 , ˙F1(ek),k=2,...,7. This proof is completed.

Continuously, we shall construct one more Spin(5,C) in E7C .
We define a group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 by
((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 =
α ∈ E7C
∣∣∣∣∣∣∣∣
κα = ακ, µα = αµ,
α ˜E1 = ˜E1,
α ˙F1(ek) = ˙F1(ek), k = 2, . . . , 7
 ,
moreover define a 5-dimensional C-vector subspace (V−C)5 of PC by
(V−C)5 =
{
P ∈ PC
∣∣∣∣∣∣ κP = P, P × ˜E1 = 0,P × ˙F1(ek) = 0, k = 2, . . . , 7
}
= {(X,−ηE1, 0, η) | 4E1 × (E1 × X) = X, X × F1(ek) = 0, k = 2, . . . , 7, η ∈ C}
=
{
(

0 0 0
0 ξ2 x1
0 x1 ξ3
 ,

−η 0 0
0 0 0
0 0 0
 , 0, η)
∣∣∣∣∣∣ x ∈ CC , ξ2, ξ3, η ∈ C
}
with the norm (P, P)µ = (1/2){µP, P} = −ξ2ξ3+ x1x1−η2, here the alternative inner product
{P,Q} is defined as follows: {P,Q} = (X,W) − (Z, Y) + ξω − ζη for P = (X, Y, ξ, η),Q =
(Z,W, ζ, ω). The group ((E7C)κ,µ) ˜E1 ,F1(ek),k=2,...,7 acts on (V−C)5, obviously.
Lemma 4.10. The Lie algebra ((e7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 of the group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7
is given by
((e7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 =
Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣∣∣
κΦ = Φκ, µΦ = Φµ,
Φ ˜E1 = 0,
Φ ˙F1(ek) = 0, k = 2, . . . , 7

=

Φ(φ, A, B, 0) ∈ e7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ ∈ (e6C)σ,
φE1 = φF1(ek) = 0,
A = ε2E2 + ε3E3 + F1(a),
εk ∈ C, a ∈ CC ,
B = −2E1 × A
= −ε3E2 − ε2E3 + F1(a)

.
In particular, dimC(((e7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7) = 6 + (1 + 1 + 2) = 10.
Proof. Suppose κΦ = Φκ for Φ ∈ e7C , from −σ = exp(piiκ) we see that (−σ)Φ = Φ(−σ),
that is, σΦ = Φσ. Hence, we have φ ∈ (e6C)σ. Moreover, from µΦ = Φµ, the condition
Φ ˜E1 = 0 is equivalent to the condition Φ(E1, 0, 1, 0) = 0. Using these facts, by doing
simple computation, we have the required result. 
Lemma 4.11. For 0 , a ∈ C, we define a mapping αi(a) : PC → PC , i = 1, 2, 3 by
αi(a) =

1 + (cos |a| − 1)pi −2τa sin |a||a| Ei 0 a
sin |a|
|a| Ei
2a sin |a||a| Ei 1 + (cos |a| − 1)pi −τa
sin |a|
|a| Ei 0
0 a sin |a||a| Ei cos |a| 0
−τa sin |a||a| Ei 0 0 cos |a|

,
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then we have αi(a) ∈ E7 ⊂ E7C , where pi : JC → JC is the C-linear mapping defined by
pi

ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3
 =

ξ1 δi3x3 δi2x2
δi3x3 ξ2 δi1x1
δi2x2 δi1x1 ξ3
 ,
where δi j is the Kronecker delta symble. The mappings α1(a1), α2(a2), α(a3), (ai ∈ C) are
commutative for each other.
Proof. For Φi(a) = Φ(0, aEi,−τaEi, 0) ∈ e7, it follows from αi(a) = expΦi(a) that αi(a) ∈
E7 ⊂ E7C . The relation formula [Φi(ai), Φ j(a j)] = 0 shows that αi(ai) and α j(a j) are
commutative (As for the Lie algebra e7 of the compact Lie group E7, see [11, Theorem
4.3.4] in detail). 
Proposition 4.12. The homogeneous space ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7/Spin(4,C) is homeo-
morphic to the complex sphere (S −C)4: ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7/Spin(4,C) ≃ (S −C)4.
In particular, the group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 is connected.
Proof. We define a 4-dimensional complex sphere (S −C)4 by
(S −C)4 = {P ∈ (V−C)5 | (P, P)µ = 1}
=
{
(

0 0 0
0 ξ2 x1
0 x1 ξ3
 ,

−η 0 0
0 0 0
0 0 0
 , 0, η)
∣∣∣∣∣∣ −ξ2ξ3 + x1 x1 − η2 = 1
}
.
The group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 acts on (S −C)4. Indeed, for α ∈ ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7
and P ∈ (S −C)4, from the following relational formulas:
καP = ακP = αP,
αP × ˜E1 = αP × α ˜E1 = α(P × ˜E1)tα−1 = 0,
αP × ˙F1(ek) = αP × α ˙F1(ek) = α(P × ˙F1(ek))tα−1 = 0,
(αP, αP)µ = 12 {µαP, αP} =
1
2
{αµP, αP} = 1
2
{µP, P} = 1,
we have αP ∈ (S −C)4. We shall show that this action is transitive. In order to prove this, it is
sufficient to show that any element P ∈ (S −C)4 can be transformed to ˜E−1 = (0,−E1, 0, 1).
Now, for a given
P = (

0 0 0
0 ξ2 x
0 x ξ3
 ,

−η 0 0
0 0 0
0 0 0
 , 0, η) ∈ (S −C)4,
we choose a ∈ R, 0 ≤ a ≤ pi/2 such that tan 2a = 2Re(η)/Re(ξ2 + ξ3) (if Re(ξ2 + ξ3) = 0,
let a = pi/4). Operate α23(a) := α2(a)α3(a) = exp(Φ(0, a(E2 + E3),−a(E2 + E3), 0)) ∈
(((E7C)κ,µ) ˜E1, ˙F1(ek),k=2,...,7)0 on P (Lemmas 4.10, 4.11), then the part (1/2)Re(ξ2+ξ3) sin 2a−
Re(η) cos 2a of η-term in α23(a)P is equal to 0, that is,
(1/2)Re(ξ2 + ξ3) sin 2a − Re(η) cos 2a = 0.
Again we choose b ∈ R, 0 ≤ b ≤ pi/2 such that tan 2b = 2Im(η)/Im(ξ2 + ξ3) (if Im(ξ2 +
ξ3) = 0, let b = pi/4), then η-term of α23(b)α23(a)P is equal to 0.
Hence we have that
α23(b)α23(a)P =: P′ ∈ (S −C)3.
Since Spin(4,C)( ((E6C)σ)E1 ,F1(ek),k=2,...,7 ⊂ ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7) acts transitively
on (S −C)3, there exists β ∈ Spin(4,C) such that
βP′ = (i(E2 + E3), 0, 0, 0) =: P′′.
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Again, operate α23(−pi/4) on P′′, then we have that
α23(−pi4)P
′′ = (0,−iE1, 0, i)(= i ˜E−1).
This shows the transitivity of this action to (S −C)4 by the group (E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7. The
isotropy subgroup of the group (E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 at i ˜E−1 is Spin(4,C) (Theorem 4.8,
Proposition 4.9). Thus we have the required homeomorphism
((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7/Spin(4,C) ≃ (S −C)4.
Therefore we see that the group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 is connected. 
Theorem 4.13. The group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 is isomorphic to Spin(5,C):
((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7  Spin(5,C).
Proof. Let O(5,C) = O((V−C)5) = {β ∈ IsoC((V−C)5) | (αP, αP)µ = (P, P)µ}. We consider the
restriction β = α
∣∣∣(V−C)5 of α ∈ ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 to (V−C)5, then we have β ∈ O(5,C).
Hence we can define a homomorphism p : ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 → O(5,C) = O((V−C)5)
by
p(α) = α
∣∣∣(V−C )5 .
Since the mapping p is continuous and the group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 is connected
(Proposition 4.12), the mapping p induces a homomorphism
p : ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 → SO(5,C) = SO((V−C)5).
It is not difficult to obtain that Ker p = {1, σ}  Z2. Indeed, let α ∈ Ker p. For ˜E−1=
(0,−E1, 0, 1) ∈ (VC)5, since α ˜E−1 = ˜E−1, together with α ˜E1 = ˜E1, we have that α ˙E1 = ˙E1
and α1˙ = 1˙. Hence we have that α ∈ ((E7C)κ,µ) ˙E1 ,1˙, ˙F1(ek),k=2,...,7  ((E6C)σ)E1 ,F1(ek),k=2,...,7.
Moreover, for E2+˙E3, E2−˙E3 ∈ (V−C)5, since α(E2+˙E3) = E2+˙E3 and α(E2−˙E3) = E2−˙E3,
we have that α∈ ((E6C)σ)E1,E2 ,E3 ,F1(ek),k=2,...,7 = (F4C)E1 ,E2 ,E3 ,F1(ek),k=2,...,7  U(1,CC). Hence
there exists θ ∈ U(1,CC) such that α = φ(θ), where φ is defined in Theorem 3.3, and so
since αF1(1) = F1(1), F1(1) ∈ (V−C)5, we have (θ)2 = 1, that is, θ = 1 or θ = −1. Thus we
have that
α = φ(1) = 1 or α = φ(−1) = σ,
that is, Ker p ⊂ {1, σ} and vice versa. Hence we obtain that Ker p = {1, σ}. Finally,
we shall show that p is surjection. Since SO(5,C) is connected, Ker p is discrete and
dimC(((e7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7) = 10 = dimC(so(5,C))(Lemma 4.10), p is surjection. Thus
we have that
((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7/Z2  SO(5,C).
Therefore the group ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7 is isomorphic to Spin(5,C) as the universal
double covering group of SO(5,C), that is, ((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7  Spin(5,C). 
Continuously, we shall construct one more Spin(6,C) in E7C .
We define a group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 by
((E7C)κ,µ) ˙F1(ek),k=2,...,7 =
{
α ∈ E7C
∣∣∣∣∣∣ κα = ακ, µα = αµ,α ˙F1(ek) = ˙F1(ek), k = 2, . . . , 7
}
,
moreover, define a 6-dimensional C-vector subspace (V−C)6 of PC by
(V−C)6 =
{
P ∈ PC
∣∣∣∣∣∣ κP = P,P × ˙F1(ek) = 0, k = 2, . . . , 7
}
=
{
(

0 0 0
0 ξ2 x1
0 x1 ξ3
 ,

η1 0 0
0 0 0
0 0 0
 , 0, η)
∣∣∣∣∣∣ x1 ∈ CC , ξ2, ξ3, η1, η ∈ C
}
with the norm (P, P)µ = (1/2){µP, P} = −ξ2ξ3 + x1x1 + η1η.
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Lemma 4.14. The Lie algebra ((e7C)κ,µ) ˙F1(ek),k=2,...,7 of the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 is
given by
((e7C)κ,µ) ˙F1(ek),k=2,...,7 =
{
Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣ κΦ = Φκ, µΦ = Φµ,Φ ˙F1(ek) = 0, k = 2, . . . , 7
}
=

Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ =

D2 0
00

+ ˜A1(a)
+(τ1E1+τ2E2+τE3
+F1(t1))∼
D2 ∈ so(2,C), a ∈ CC , τk ∈ C,
τ1 + τ2 + τ3 = 0, t1 ∈ CC ,
A = ε2E2 + ε3E3 + F1(a), εk ∈ C, a ∈ CC ,
B = υ2E2 + υ3E3 + F1(b), υk ∈ C, b ∈ CC ,
ν = −(3/2)τ1

.
In particular, dimC(((e7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7) = (1 + 2 + (2 + 2)) + 4 + 4 = 15.
Proof. From [9, Section 4.6], we see that the explicit form of (e7C)κ,µ is given by
(e7C)κ,µ = {Φ(φ, A, B, ν) ∈ e7C | κΦ = Φκ, µΦ = Φµ}
=

Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ ∈ (e6C)σ,
A = ε2E2 + ε3E3 + F1(a),
B = υ2E2 + υ3E3 + F1(b),
εk, υk ∈ C, a, b ∈ CC ,
ν = −(3/2)(φE1, E1)

.
Since the result of direct computation of Φ ˙F1(ek) is as follows:
Φ(φ, A, B, ν) ˙F1(ek) = (φF1(ek) − ν3 F1(ek), 2A × F1(ek), 0, (B, F1(ek))),
for Φ ˙F1(ek) = 0 we have that
φF1(ek) − ν3 F1(ek) = 0 · · · (1)
2A × F1(ek) = 0 · · · (2)
(B, F1(ek)) = 0 · · · (3).
From the conditions (2) and (3), it is easy to verify that x, y ∈ CC . As for the condition (1),
by doing direct computation, we obtain that
φF1(ek) − ν3 F1(ek)
= (δ + ˜T )F1(ek) − ν3 F1(ek) (δ ∈ f4
C , T ∈ (JC)σ, tr(T ) = 0)
= δF1(ek) + ˜T F1(ek) − ν3 F1(ek)
= (D + ˜A1(a1))F1(ek) + ˜T F1(ek) − ν3 F1(ek) (D ∈ so(8,C), a1 ∈ C
C)
= F1(Dek)+ (a1, ek)(E2 − E3)+ (12τ2F1(ek) +
1
2
τ3F1(ek) + (t1, ek)(E2 + E3)) − ν3 F1(ek)
= {(a1, ek) + (t1, ek)}E2 + {(a1, ek) − (t1, ek)}E3 + F1(Dek + 12 (τ2 + τ3)ek −
ν
3 ek),
where T = τ1E1 + τ2E2 + τ3E3 + F1(t1), τk ∈ C, t1 ∈ CC .
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Hence, from the condition (1), we see that
(a1, ek) + (t1, ek) = (a1, ek) − (t1, ek) = 0 · · · (4)
Dek −
1
2
τ1ek −
ν
3 ek = 0 · · · (5) (τ1 + τ2 + τ3 = 0),
moreover, for the condition (5), together with ν = (−3/2)τ1, we have Dek = 0, k = 2, . . . , 7.
Thus we have D ∈ so(2,C) ⊂ so(8,C). From the condition (4), we have a1, t1 ∈ CC .
Therefore we have the required the explicit form of the Lie algebra ((e7C)κ,µ) ˙F1(ek),k=2,...,7.

Lemma 4.15. For ν ∈ C, we define a mapping β(ν) : PC → PC by
β(ν)(X, Y, ξ, η) = (

e2νξ1 e
νx3 e
νx2
eνx3 ξ2 x1
eνx2 x1 ξ3
 ,

e−2νη1 e−νy3 e−νy2
e−νy3 η2 y1
e−νy2 y1 η3
 , e−2νξ, e−νη).
Then we have β(ν) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0.
Proof. From Lemma 4.14, for ν ∈ C we see that Φ((2/3)ν(2E1 − (E2 + E3))∼, 0, 0,−2ν)
∈ ((e7C)κ,µ) ˙F1(ek),k=2,...,7. Hence we have that
β(ν) = exp(Φ((2/3)ν(2E1 − (E2 + E3))∼, 0, 0,−2ν)) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0.

Proposition 4.16. The homogeneous space ((E7C)κ,µ) ˙F1(ek),k=2,...,7/Spin(5,C) is homeomor-
phic to the complex sphere (S −C)5: ((E7C)κ,µ) ˙F1(ek),k=2,...,7/Spin(5,C) ≃ (S −C)5.
In particular, the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 is connected.
Proof. We define a 5-dimensional complex sphere (S −C)5 by
(S −C)5 = {P ∈ (V−C)6 | (P, P)µ = 1}
=
{
(

0 0 0
0 ξ2 x1
0 x1 ξ3
 ,

η1 0 0
0 0 0
0 0 0
 , 0, η)
∣∣∣∣∣ −ξ2ξ3 + x1x1 + η1η = 1}.
As in the proof of Proposition 4.12, it is easy to verify that the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7
acts on (S −C)5, and so we shall show that this action is transitive. In order to prove this, it
is sufficient to show that any P ∈ (S −C)5 can be transformed to ˜E1 ∈ (S −C)5.
Now, for a given
P = (

0 0 0
0 ξ2 x
0 x ξ3
 ,

η1 0 0
0 0 0
0 0 0
 , 0, η) ∈ (S C)5,
first we shall show that there exists α ∈ ((E7C)κ,µ) ˙F1(ek),k=2,...,7 such that αP ∈ (S −C)4.
Case (i) where η1 , 0, η , 0.
We choose ν ∈ C such that −e−2νη1 = e2νη, and operate β(ν) of Lemma 4.15 on P, then
we have β(ν)P ∈ (S −C)4.
Case (ii) where η1 = 0, η , 0, ξ2 , 0.
Operate α = expΦ(0, E3, 0, 0) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0 on P (Lemma 4.14), then we
have that
αP = (ξ2E2 + (ξ3 + η)E3 + F1(x), ξ2E1, 0, η).
Hence this case is reduced to Case (i).
Case (iii) where η1 = 0, η , 0, ξ3 , 0.
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As in Case (ii), operate α = expΦ(0, E2, 0, 0) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0 on P (Lemma
4.14), then we have that
αP = ((ξ2 + η)E2 + ξ3E3 + F1(x), ξ3E1, 0, η).
Hence this case is also reduced to Case (i).
Case (iv) where η1 = ξ2 = ξ3 = 0, η , 0.
For some t ∈ R, operate α = expΦ(0, tF1(x), 0, 0) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0 on P =
(F1(x), 0, 0, η) (Lemma 4.14), then we have that
αP = ((1 + tη)F1(x),−(2t + t2η)(x, x)E1, 0, η) ((x, x) = 1)
= ((1 + tη)F1(x),−(2t + t2η)E1, 0, η).
Hence this case is also reduced to Case (i) for some t ∈ R.
Case (v) where η1 , 0, η = 0, ξ2 , 0.
Operate α = expΦ(0, 0, E2, 0) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0 on P (Lemma 4.14), then we
have that
αP = (ξ2E2 + ξ3E3 + F1(x), η1E1, 0, ξ2).
Hence this case is also reduced to Case (i).
Case (vi) where η1 , 0, η = 0, ξ3 , 0.
As in Case (v), operate α = expΦ(0, 0, E3, 0) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0 on P (Lemma
4.14), then we have that
αP = (ξ2E2 + ξ3E3 + F1(x), η1E1, 0, ξ3).
Hence this case is also reduced to Case (i).
Case (vii) where η1 , 0, η = 0, ξ2 = ξ3 = 0.
For some t ∈ R, operate α = expΦ(0, 0, tF1(x), 0) ∈ (((E7C)κ,µ) ˙F1(ek),k=2,...,7)0 on P =
(F1(x), η1E1, 0, 0) (Lemma 4.14), then we have that
αP = ((1 − tη1)F1(x), η1E1, 0, (2t − t2η1(x, x))) ((x, x) = 1)
= ((1 − tη1)F1(x), η1E1, 0, (2t − t2η1)).
Hence this case is also reduced to Case (i) for some t ∈ R.
Case (viii) where η1 = η = 0.
Then we see that P ∈ (S −C)3 ⊂ (S −C)4.
Since Spin(5,C) ( ((E7C)κ,µ) ˜E1 ,1˙, ˙F1(ek),k=2,...,7 ⊂ ((E7C)κ,µ) ˙F1(ek),k=2,...,7) acts transitively
on (S −C)4 (Proposition 4.12), there exists β ∈ Spin(5,C) such that
β(αP) = (0,−iE1, 0, i)(= i ˜E−1),
Again, operate β(−ipi/4) of Lemma 4.15 on β(αP), then we have that
β(−ipi
4
)(β(αP)) = (0, E1, 0, 1)(= ˜E1).
This shows the transitivity of this action to (S −C)5 by the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7. The
isotropy subgroup of the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 at ˜E1 is Spin(5,C) (Theorem 4.13).
Thus we have the required homeomorphism
((E7C)κ,µ) ˙F1(ek),k=2,...,7/Spin(5,C) ≃ (S −C)5.
Therefore we see that the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 is connected. 
Theorem 4.17. The group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 is isomorphic to Spin(6,C):
((E7C)κ,µ) ˙F1(ek),k=2,...,7  Spin(6,C).
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Proof. Let O(6,C) = O((V−C)6) = {β ∈ IsoC((V−C)6) | (αP, αP)µ = (P, P)µ}. We consider
the restriction β = α
∣∣∣(V−C)6 of α ∈ ((E7C)κ,µ) ˙F1(ek),k=2,...,7 to (V−C)6, then we have β ∈ O(6,C).
Hence we can define a homomorphism p : ((E7C)κ,µ) ˙F1(ek),k=2,...,7 → O(6,C) = O((V−C)6)
by
p(α) = α
∣∣∣(V−C )6 .
Since the mapping p is continuous and the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 is connected (Propo-
sition 4.16), the mapping p induces a homomorphism
p : ((E7C)κ,µ) ˙F1(ek),k=2,...,7 → SO(6,C) = SO((V−C)6).
It is not difficult to obtain that Ker p = {1, σ}  Z2. Indeed, let α ∈ Ker p. For
˜E1 = (0, E1, 0, 1), ˜E−1 = (0,−E1, 0, 1) ∈ (V−C)6, since α ˜E1 = ˜E1 and α ˜E−1 = ˜E−1, we
have that α ˙E1 = ˙E1 and α1˙ = 1˙. Hence we have that α ∈ ((E7C)κ,µ) ˙E1 ,1˙, ˙F1(ek),k=2,...,7 
((E6C)σ)E1 ,F1(ek),k=2,...,7. Moreover, for E2+˙E3, E2−˙E3 ∈ (V−C)6, since α(E2+˙E3) = E2+˙E3
and α(E2−˙E3) = E2−˙E3, we have that α ∈ ((E6C)σ)E1 ,E2 ,E3 ,F1(ek),k=2,...,7  (F4C)E1 ,E2 ,E3,F1(ek),
k=2,...,7  U(1,CC). Hence there exists θ ∈ U(1,CC) such that α = φ(θ), where φ is defined
in Theorem 3.3, and so since αF1(1) = F1(1), F1(1) ∈ (V−C)6, we have (θ)2 = 1, that is,
θ = 1 or θ = −1. Thus since we see
α = φ(1) = 1 or α = φ(−1) = σ,
we have that Ker p ⊂ {1, σ} and vice versa. Hence we obtain that Ker p = {1, σ}. Finally,
we shall show that p is surjection. Since SO(6,C) is connected, Ker p is discrete and
dimC(((e7C)κ,µ) ˙F1(ek),k=2,...,7) = 15 = dimC(so(6,C))(Lemma 4.14), p is surjection. Thus we
have that
((E7C)κ,µ) ˙F1(ek),k=2,...,7/Z2  SO(6,C).
Therefore the group ((E7C)κ,µ) ˙F1(ek),k=2,...,7 is isomorphic to Spin(6,C) as the universal
double covering group of SO(6,C), that is, ((E7C)κ,µ) ˙F1(ek),k=2,...,7  Spin(6,C). 
Here, as in previous section, we make a summary of the results as the low dimensional
spinor groups which were constructed in this section.
((E7C)κ,µ) ˙F1(ek),k=2,...,7  Spin(6,C)
∪
((E7C)κ,µ) ˜E1 , ˙F1(ek),k=2,...,7  Spin(5,C)
∪
((E6C)σ)E1 ,F1(ek),k=2,...,7  Spin(4,C)
∪
(F4C)E1 ,F1(ek),k=2,...,7  Spin(3,C)
∪
(F4C)E1 ,E2 ,E3 ,F1(ek),k=2,...,7  Spin(2,C)  U(1,CC)
Together with the results of previous section, we have had two sequences as for the low
dimensional spinor groups.
After this, by using two Spin(6,C), we determine the structure of the groups ((E7C)κ,µ)σ′4 ,
(E7C)σ′4 , and so we shall prove the connectedness of the group (E7C)σ′4 ,so(6,C).
First, we determine the structure of the group ((E7C)κ,µ)σ′4 .
Lemma 4.18. The Lie algebra ((e7C)κ,µ)σ′4 of the group ((E7C)κ,µ)σ′4 is given by
((e7C)κ,µ)σ′4 =
{
Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣ κΦ = Φκ, µΦ = Φµσ′4Φ = Φσ′4
}
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=

Φ(φ, A, B, ν) ∈ e7C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ =

D2 0
D60

+ ˜A1(a)
+(τ1E1+τ2E2+τE3+F1(t1))∼
D2 ∈ so(2,C),D6 ∈ so(6,C), a ∈ CC , τk ∈ C,
τ1 + τ2 + τ3 = 0, t1 ∈ CC ,
A = ε2E2 + ε3E3 + F1(a), εk ∈ C, a ∈ CC ,
B = υ2E2 + υ3E3 + F1(b), υk ∈ C, b ∈ CC ,
ν = −(3/2)τ1

.
In particular, dimC (((e7C)κ,µ)σ
′
4 ) = ((1 + 15) + 2 + (2 + 2)) + (2 + 2) × 2 = 30.
Proof. By doing simple computation, we can obtain the result above. 
Proposition 4.19. The group ((E7C)κ,µ)σ′4 is isomorphic to the group (Spin(6,C)×
Spin(6,C))/Z2, Z2 = {(1, 1), (σ, σ)}: ((E7C)κ,µ)σ′4  (Spin(6,C) × Spin(6,C))/Z2.
Proof. Let Spin(6,C)  (F4C)E1 ,E2 ,E3 , ˙F1(ek),k=0,1 ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 (The-
orem 3.16, Proposition 4.2) and one more Spin(6,C)  ((E7C)κ,µ)F1(ek),k=2,...,7 (Theorem
4.17). Then we define a mapping ϕκ,µ,σ′4 : Spin(6,C) × Spin(6,C) → ((E7C)
κ,µ)σ′4 by
ϕκ,µ,σ′4 (β1, β2) = β1β2.
First, we have to prove that the mapping ϕκ,µ,σ′4 is well-defined. It follows from Lemma
3.17 and Proposition 4.2 that Spin(6,C)  (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 ⊂ (F4C)σ
′
4 ⊂ ((E7C)κ,µ)σ′4 ,
and since Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7 and ((E7C)
κ,µ)σ′4 are connected, in order to
prove Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7 ⊂ (E7C)
κ,µ)σ′4 , it is sufficient to show that the Lie
algebra spin(6,C)  ((e7C)κ,µ) ˙F1(ek),k=2,...,7 is the subalgebra of the Lie algebra ((e7C)κ,µ)σ
′
4
.
However, from Lemmas 4.14, 4.18, it is clear. Hence the mapping ϕκ,µ,σ′4 is well-defined.
Next, we shall show that the mapping ϕκ,µ,σ′4 is a homomorphism. Since Spin(6,C) 
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1 and Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7 are connected, in order to
prove that the mapping ϕκ,µ,σ′4 is a homomorphism, it is sufficient to show thatΦ1 commutes
with Φ2, that is, [Φ1, Φ2] = 0 for Φ1 ∈ spin(6,C)  (f4C)E1 ,E2 ,E3 , ˙F1(ek),k=0,1 and Φ2 ∈
spin(6,C)  ((e7C)κ,µ) ˙F1(ek),k=2,...,7. However, it is also clear from Lemmas 3.14, 4.14.
We determine the Kerϕκ,µ,σ′4 . From the definition of kernel, we have that
Ker ϕκ,µ,σ′4 = {(β1, β2) ∈ Spin(6,C) × Spin(6,C) | ϕκ,µ,σ′4(β1, β2) = 1}
= {(β1, β2) ∈ Spin(6,C) × Spin(6,C) | β1β2 = 1}
= {(β1, β2) ∈ Spin(6,C) × Spin(6,C) | β1 = β2−1}.
Then, from the condition β1 = β2−1, we see β1 ˙F1(ek) = β2−1 ˙F1(ek) = ˙F1(ek), k = 2, . . . , 7,
that is, β1 ˙F1(ek) = ˙F1(ek). Moreover, since β1 ∈ Spin(6,C)  (F4C)E1 ,E2 ,E3 , ˙F1(ek),k=0,1, we
see that β1 ˙F1(x) = ˙F1(x) for all x ∈ CC . Here, from β1 ∈ (F4C)E1 ,E2 ,E3  Spin(8,C), β1 can
be expressed by β1 = (δ1, δ2, δ3) ∈ SO(8,C)×3 such that (δ1x)(δ2y) = δ3(xy), x, y ∈ CC , and
so we have that δ1x = x for all x ∈ CC . Hence we have δ1 = 1, and so we see that
β1 = (1, 1, 1) = 1 or β1 = (1,−1,−1) = σ.
Hence it follows from the condition β1 = β2−1 that β2 = 1 or β2 = σ, that is, Kerϕκ,µ,σ′4 ⊂
{(1, 1), (σ, σ)} and vice versa. Thus we obtain that Kerϕκ,µ,σ′4 = {(1, 1), (σ, σ)}  Z2.
Finally, we shall show that ϕκ,µ,σ′4 is surjection. Since Kerϕκ,µ,σ′4 is discrete, the group
((E7C)κ,µ)σ′4 is connected because of (E7C)κ,µ  Spin(12,C) (see [9, Proposition 4.6.10])
and dimC (((e7C)κ,µ)σ
′
4 ) = 30 = dimC (so(6,C)⊕ so(6,C)) (Lemma 4.18), ϕκ,µ,σ′4 is surjection.
32 TOSHIKAZU MIYASHITA
Therefore we have the required isomorphism
((E7C)κ,µ)σ′4  (Spin(6,C) × Spin(6,C))/Z2.

We determine the structure of the group (E7C)σ′4 as one of aims of this section.
Lemma 4.20. The group (E7C)σ′4 contains a subgroup
ψ(SL(2,C)) = {ψ(A) ∈ E7C | A ∈ SL(2,C)}
which is isomorphic to the special linear group SL(2,C) = {A ∈ M(2,C) | det A = 1}. Here,
for A ∈ SL(2,C), a mapping ψ(A) : PC → PC is defined by
ψ(A)(

ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3
 ,

η1 y3 y2
y3 η2 y1
y2 y1 η3
 , ξ, η) =: (

ξ1
′ x3′ x2
′
x3
′
ξ2
′ x1′
x2
′ x1
′
ξ3
′
 ,

η1
′ y3′ y2
′
y3
′
η2
′ y1′
y2
′ y1
′
η3
′
 , ξ′, η′),
where (
ξ1
′
η′
)
= A
(
ξ1
η
)
,
(
ξ′
η1
′
)
= A
(
ξ
η1
)
,
(
η2
′
ξ3
′
)
= A
(
η2
ξ3
)
,
(
η3
′
ξ2
′
)
= A
(
η3
ξ2
)
,
(
x1
′
y1
′
)
= τA
(
x1
y1
)
,
(
x2
′
y2
′
)
=
(
x2
y2
)
,
(
x3
′
y3
′
)
=
(
x3
y3
)
.
Proof. The action ofΦ(φ(ν), aE1, bE1, ν) ∈ (e7C)σ′4 (Lemma 4.1) (φ(ν) = (2/3)ν(2E1−(E2+
E3))∼, a, b, ν ∈ C) on PC is as follows:
Φ(φ(ν), aE1, bE1, ν)(X, Y, ξ, η) =: (X′, Y′, ξ′, η′),
where (
ξ1
′
η′
)
=
(
ν a
b −ν
) (
ξ1
η
)
,
(
ξ′
η1
′
)
=
(
ν a
b −ν
) (
ξ
η1
)
,
(
η2
′
ξ3
′
)
=
(
ν a
b −ν
) (
η2
ξ3
)
,
(
η3
′
ξ2
′
)
=
(
ν a
b −ν
) (
η3
ξ2
)
,
(
x1
′
y1
′
)
=
(
τν τa
τb −τν
) (
x1
y1
)
,
(
x2
′
y2
′
)
=
(
x3
′
y3
′
)
=
(
0
0
)
.
Therefore, for A = exp
(
ν a
b −ν
)
∈ SL(2,C) (
(
ν a
b −ν
)
∈ sl(2,C)), we have that
exp(Φ(φ(ν), aE1, bE1, ν)) = ψ(A) ∈ ψ(SL(2,C)) ⊂ (E7C)σ′4 .

Theorem 4.21. We have that (E7C)σ′4  (SL(2,C) × Spin(6,C) × Spin(6,C))/Z4, Z4 =
{(E, 1, 1), (E, σ, σ), (−E, σ′4 ,−σ′4 ), (−E, σσ′4 ,−σσ′4 )}.
Proof. Let SL(2,C) = {A ∈ M(2,C) | det A = 1} and two Spin(6,C) as in Proposition 4.19.
Then we define a mapping ϕE7 C ,σ′4 : SL(2,C) × Spin(6,C) × Spin(6,C) → (E7
C)σ′4 by
ϕE7 C ,σ′4
(A, β1, β2) = ψ(A)β1β2.
From Lemma 4.20 and Proposition 4.19, it is clear that the mapping ϕE7C ,σ′4 is well-defined.
It is easy to verify that ϕE7C ,σ′4 is a homomorphism. Indeed, note that β1, β2 ∈ Spin(12,C)
 (E7C)κ,µ. From [9, Theorem 4.6.13], we see that ψ(A) commutes with β1, β2, respectively.
Moreover, as in Proposition 4.19, β1 commutes with β2. Hence since ψ(A), β1, β2 commute
each other, ϕE7C ,σ′4 is a homomorphism. We shall show that ϕE7 C ,σ′4 is surjection. For
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α ∈ (E7C)σ′4 ⊂ (E7C)σ, there exist A ∈ SL(2,C) and β ∈ Spin(12,C) such that α = ϕ(A, β)
(see [9, Theorem 4.6.13]). Moreover, from the condition σ′4α = ασ′4 , we have that{
A = A
σ′4 βσ
′
4
−1 = β
or
{
A = −A
σ′4 βσ
′
4
−1 = −σβ.
Then the latter case is impossible because of A = 0. As for the former case, from Proposi-
tion 4.19, there exist β1 ∈ Spin(6,C) and β2 ∈ Spin(6,C) such that β = ϕκ,µ,σ′4 (β1, β2). Thus,
ϕE7C ,σ′4
is surjection. Finally, we determine the KerϕE7 C ,σ′4 . From Kerϕ = {(E, 1), (−E,−σ)} (see [9, Theorem 4.6.13]) , we have that
KerϕE7 C ,σ′4 = {(A, β1, β2) ∈ SL(2,C) × Spin(6,C) × Spin(6,C) | A = E, β1β2 = 1 }
∪ {(A, β1, β2) ∈ SL(2,C) × Spin(6,C) × Spin(6,C) | A = −E, β1β2 = −σ } .
Case (i) where A = E, β1β2 = 1.
From Kerϕκ,µ,σ′4 = {(1, 1), (σ, σ)} (Proposition 4.19), we have that
A = E
β1 = 1
β2 = 1
or

A = E
β1 = σ
β2 = σ.
Case (ii) where A = −E, β1β2 = −σ.
Since β1β2 = −σ ∈ ((E7C)κ,µ)σ′4 , there exist β1 ∈ Spin(6,C) and β2 ∈ Spin(6,C) such
that −σ = β1β2 (Proposition 4.19). Here, we easily see that
σ′4 ∈ Spin(6,C)  (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  ((E7C)κ,µ) ˜E1, ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1,
−σ′4 ∈ Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7,
and σ′4 (−σ′4 ) = −σ, and so together with Kerϕκ,µ,σ′4 = {(1, 1), (σ, σ)}, we have that{
β1 = σ
′
4
β2 = −σ′4
or
{
β1 = σσ
′
4
β2 = σ(−σ′4 )
.
Hence we see
KerϕE7 C ,σ′4 ⊂ {(E, 1, 1), (E, σ, σ), (−E, σ
′
4,−σ′4), (−E, σσ′4,−σσ′4)},
and vice versa. Thus we obtain that
KerϕE7 C ,σ′4 = {(E, 1, 1), (E, σ, σ), (−E, σ
′
4,−σ′4), (−E, σσ′4,−σσ′4)}  Z4.
Therefore we have the required isomorphism
(E7C)σ′4  (SL(2,C) × Spin(6,C) × Spin(6,C))/Z4.

Now, we determine the structure of the group (E7C)σ′4 ,so(6,C), and prove the connected-
ness of its group as another aim of this section.
Theorem 4.22. We have that (E7C)σ′4 ,so(6,C)  SL(2,C) × Spin(6,C).
In particular, the group (E7C)σ′4 ,so(6,C) is connected.
Proof. Let SL(2,C) and Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7 as in Theorem 4.21. Note that
so(6,C) = {ΦD = (D, 0, 0, 0) ∈ e7C |D ∈ so(6,C)  (f4C)E1 ,E2 ,E3 ,F1(ek),k=0,1}. Then we define
a mapping ϕE7C ,σ′4,so(6,C) : SL(2,C) × Spin(6,C) → (E7
C)σ′4,so(6,C) by
ϕE7C ,σ′4 ,so(6,C)(A, β2) = ψ(A)β2,
where note that the mapping ϕE7 C ,σ′4 ,so(6,C) is the restricted mapping of the mapping ϕE7 C ,σ′4
in Theorem 4.21. We have to prove that ϕE7 C ,σ′4 ,so(6,C) is well-defined. In order to prove this,
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since ψ(SL(2,C)) and Spin(6,C) are connected, it is sufficient to show that forΦ(φ(ν), aE1,
bE1, ν) ∈ ψ∗(sl(2,C)), Φ2 ∈ spin(6,C)  ((e7C)κ,µ) ˙F1(ek),k=2,...,7,
[ΦD, Φ(φ(ν), aE1, bE1, ν)] = 0, [ΦD, Φ2] = 0,
where Φ(φ(ν), aE1, bE1, ν) ∈ ψ∗(sl(2,C)), Φ2 ∈ spin(6,C)  ((e7C)κ,µ) ˙F1(ek),k=2,...,7, here a
mapping ψ∗ is the differential mapping of the mapping ψ in Lemma 4.20. However, it is
clear that [ΦD, Φ(φ(ν), aE1, bE1, ν)] = 0, moreover from Lemma 4.15, it is easy to verify
that [ΦD, Φ2] = 0. Hence ϕE7 C ,σ′4 ,so(6,C) is well-defined. Since the mapping ϕE7 C ,σ′4 ,so(6,C) is
the restricted mapping ϕE7 C ,σ′4 , it is clear that the mapping ϕE7 C ,σ′4 ,so(6,C) is a homomorphism.
We shall show that the mapping ϕE7C ,σ′4 ,so(6,C) is injection. Since dimC(ϕe7C ,σ′4 ,so(6,C)) =
18 = 3 + 15 = dimC(sl(2,C) ⊕ spin(6,C)) (Lemma 4.1 (2)), the differential mapping
ϕE7C ,σ′4 ,so(6,C)∗ of ϕE7 C ,σ′4 ,so(6,C) is injection. Hence we see that KerϕE7C ,σ′4 ,so(6,C)∗ = {0},
that is, KerϕE7 C ,σ′4 ,so(6,C) is discrete. Hence, KerϕE7C ,σ′4 ,so(6,C) is contained in the center
z(SL(2,C) × Spin(6,C)) = {(E, 1), (E, σ), (E,−σ′4 ), (E,−σσ′4 ), (−E, 1), (−E, σ), (−E, σ′4),
(−E,−σσ′4 )}. However, since the mapping ϕE7C ,σ′4 ,so(6,C) maps the elements of z(SL(2,C) ×
Spin(6,C)) to 1, σ,−σ′4 ,−σσ′4 ,−1,−σ, σ′4 , σσ′4 , respectively, we have that KerϕE7C ,σ′4 ,so(6,C)
= {(E, 1)}, that is, the mapping ϕE7C ,σ′4 ,so(6,C) is injection. Finally, We shall show that the
mapping ϕE7 C ,σ′4 ,so(6,C) is surjection. For α ∈ (E7C)σ
′
4 ,so(6,C) ⊂ (E7C)σ′4 , there exist A ∈
SL(2,C), β1 ∈ Spin(6,C)  (F4C)E1 ,E2 ,E3 , ˙F1(ek),k=0,1  ((E7C)κ,µ) ˜E1, ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1
and β2 ∈ Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7 such that α = ψ(A)β1β2 (Theorem 4.21).
Moreover, from the condition ΦDα = αΦD, together with ΦDψ(A) = ψ(A)ΦD(Lemma
4.20) and ΦDβ2 = β2ΦD(Lemma 4.14), we have ΦDβ1 = β1ΦD for all D ∈ so(6,C). Hence
β1 is contained in the center z(Spin(6,C)) = z((F4C)E1 ,E2 ,E3, ˙F1(ek),k=0,1) = {1, σ, σ′4 , σσ′4 } 
Z4. However, we see that
σ = (1)σ = ψ(E)σ ∈ ψ(SL(2,C))Spin(6,C),
σ′4 = (−1)(−σ′4 ) = ψ(−E)(−σ′4 ) ∈ ψ(SL(2,C))Spin(6,C),
σσ′4 = (−1)(−σσ′4 ) = ψ(−E)(−σσ′4 ) ∈ ψ(SL(2,C))Spin(6,C),
that is, σ, σ′4 , σσ
′
4 ∈ ψ(SL(2,C))Spin(6,C), where Spin(6,C)  ((E7C)κ,µ) ˙F1(ek),k=2,...,7. Con-
sequently, we have β1 = 1. Hence, ϕE7 C ,σ′4 ,so(6,C) is surjection.
Thus we have the required isomorphism
(E7C)σ′4 ,so(6,C)  SL(2,C) × Spin(6,C).
Therefore we see that the group (E7C)σ′4 ,so(6,C) is connected. 
5. Connectedness of the group (E8C)σ′4 ,so(6,C)
We define a subgroup (E8C)σ′4 ,so(6,C) of the group (E8C)σ′4 by
(E8C)σ′4 ,so(6,C) =
{
α ∈ E8C
∣∣∣∣∣∣ σ
′
4 α = ασ
′
4 ,
Θ(RD)α = αΘ(RD) for all D ∈ so(6,C)
}
,
where RD = (ΦD, 0, 0, 0, 0, 0) ∈ e8C and Θ(RD) means ad(RD). Hereafter for R ∈ e8C , we
denote ad(R) by Θ(R), moreover in e8C , we often use the following notations:
Φ = (Φ, 0, 0, 0, 0, 0), P− = (0, P, 0, 0, 0, 0), Q− = (0, 0,Q, 0, 0, 0),
r˜ = (0, 0, 0, r, 0, 0), s− = (0, 0, 0, 0, s, 0), t− = (0, 0, 0, 0, 0, t).
In order to prove the connectedness of the group (E8C)σ′4 ,so(6,C), we use the method used
in [7]. However, we write this method in detail again.
First, we consider a subgroup ((E8C)σ′4 ,so(6,C))1− of the group (E8C)σ
′
4 ,so(6,C):
((E8C)σ′4 ,so(6,C))1− =
{
α ∈ (E8C)σ′4 ,so(6,C)
∣∣∣ α1− = 1−}.
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Lemma 5.1. We have the following.
(1) The Lie algebra ((e8C)σ′4 ,so(6,C))1− of the group ((E8C)σ′4 ,so(6,C))1− is given by
((e8C)σ′4 ,so(6,C))1− =
R ∈ e8C
∣∣∣∣∣∣ σ
′
4 R = R,
[R,RD] = 0 for all D ∈ so(6,C), [R, 1−] = 0

=

(Φ, 0,Q, 0, 0, t) ∈ e8C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Φ ∈ (e7C)σ′4 ,so(6,C),
Q = (Z,W, ζ, ω),
Z =

ζ1 0 0
0 ζ2 z
0 z ζ3
 ,W =

ω1 0 0
0 ω2 w
0 w ω3
 ,
ζk, ωk, ζ, ω ∈ C, z, w ∈ CC ,
t ∈ C

,
where as for the explicit form of the Lie algebra (e7C)σ′4 ,so(6,C), see Lemma 4.1 (2).
In particular,
dimC(((e8C)σ′4 ,so(6,C))1−) = 18 + ((3 + 2) × 2 + 1 × 2) + 1 = 31.
(2) The Lie algebra (e8C)σ′4 ,so(6,C) of the group (E8C)σ′4 ,so(6,C) is given by
(e8C)σ′4 ,so(6,C) =
R ∈ e8C
∣∣∣∣∣∣ σ
′
4 R = R,
[R,RD] = 0 for all D ∈ so(6,C),

=

(Φ, P,Q, r, s, t) ∈ e8C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Φ ∈ (e7C)σ′4 ,so(6,C),
P = (X, Y, ξ, η),
X =

ξ1 0 0
0 ξ2 x
0 x ξ3
 , Y =

η1 0 0
0 η2 y
0 y η3
 ,
ξk, ηk, ξ, η, ∈ C, x, y ∈ CC ,
Q = (Z,W, ζ, ω) is same form as P,
r, s, t ∈ C

.
In particular,
dimC((e8C)σ′4 ,so(6,C)) = 18 + ((3 + 2) × 2 + 1 × 2) × 2 + 3 = 45.
Proof. (1) For R = (Φ, P,Q, r, s, t) ∈ e8C , from the condition σ′4 R = R, we have that
Φ ∈ (e7C)σ′4 ,
P = (X, Y, ξ, η), X = ξ1E1 + ξ2E2 + ξ3E3 + F1(x), ξk, ξ ∈ C, x ∈ C
C ,
Y = η1E1 + η2E2 + η3E3 + F1(y), ηk, η ∈ C, y ∈ CC ,
Q = (Z,W, ζ, ω), Z = ζ1E1 + ζ2E2 + ζ3E3 + F1(z), ζk, ζ ∈ C, z ∈ C
C ,
W = ω1E1 + ω2E2 + ω3E3 + F1(w), ωk, ω ∈ C, w ∈ CC ,
r, s, t ∈ C.
Moreover, from the condition [R,RD] = 0, we have that
Φ ∈ (e7C)σ′4 ,so(6,C), P,Q are same form above, and so are r, s, t.
Finally, from the condition [R, 1−] = 0, we have that P = 0 and s = r = 0. Hence we
have the required explicit form of the Lie algebra ((e8C)σ′4 ,so(6,C))1− .
(2) By an argument similar to (1) above, we have the required result. 
In Proposition 5.2 below, note that the subspace (PC)σ′4 of PC is defined by
(PC)σ′4 = {P ∈ PC |σ′4 P = P}
= {(X, Y, ξ, η) ∈ PC | X, Y ∈ (JC)σ′4 , ξ, η ∈ C},
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where (JC)σ′4 = {X ∈ JC |σ′4 X = X}.
Proposition 5.2. The group ((E8C)σ′4 ,so(6,C))1− is a semi-direct product of groups
exp(Θ(((PC)σ′4 )− ⊕C−)) and (E7C)σ
′
4 ,so(6,C):
((E8C)σ′4 ,so(6,C))1− = exp(Θ(((PC)σ′4 )− ⊕C−)) ⋊ (E7C)σ
′
4 ,so(6,C).
In particular, ((E8C)σ′4 ,so(6,C))1− is connected.
Proof. Let ((PC)σ′4 )− ⊕ C− = {(0, 0,Q, 0, 0, t) |Q ∈ (PC)σ′4 , t ∈ C} be a Lie subalgebra
of the Lie algebra ((e8C)σ′4 ,so(6,C))1− (Lemma 5.1 (1)). Since it follows from [Q−, t−] = 0
that Θ(Q−) commutes with Θ(t−), we have exp(Θ(Q− + t−)) = exp(Θ(Q−)) exp(Θ(t−)),
and so we also see that exp(Θ(((PC)σ′4 )− ⊕ C−)) is the connected subgroup of the group
((E8C)σ′4 ,so(6,C))1−.
Now, let α ∈ ((E8C)σ′4 ,so(6,C))1− and set
α1˜ = (Φ, P,Q, r, s, t), α1− = (Φ1, P1,Q1, r1, s1, t1).
Then, from the relation formulas [α1˜, 1−] = α[˜1, 1−] = −2α1− = −21−, [α1−, 1−] =
α[1−, 1−] = α1˜, we have that
P = 0, s = 0, r = 1, Φ = 0, P1 = −Q, s1 = 1, r1 = − t2 .
Moreover, from [α1˜, α1−] = α[˜1, 1−] = 2α1−, we have that
Φ1 =
1
2
Q × Q, Q1 = − t2 Q −
1
3Φ1Q, t1 = −
t2
4
− 1
16 {Q,Q1}.
Hence we see that α is of the form
α =

∗ ∗ ∗ 0 1
2
Q × Q 0
∗ ∗ ∗ 0 −Q 0
∗ ∗ ∗ Q − t
2
Q − 16 (Q × Q)Q 0
∗ ∗ ∗ 1 − t2 0
∗ ∗ ∗ 0 1 0
∗ ∗ ∗ t − t
2
4
+
1
96 {Q, (Q × Q)Q} 1

.
On the other hand, we have that
δ1− = exp
(
Θ(
( t
2
)
−)
)
exp(Θ(Q−))1−
=

1
2
Q × Q
−Q
− t
2
Q − 16 (Q × Q)Q
− t
2
1
− t
2
4
+
1
96 {Q, (Q × Q)Q}

= α1−,
and also that
δ˜1 = α1˜, δ1− = α1−.
Hence we see that δ−1α ∈ ((E8C)σ′4 ,so(6,C) )˜1,1−,1− = (E7C)σ
′
4 ,so(6,C)
.
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Thus we have that
((E8C)σ′4 ,so(6,C))1− = exp(Θ(((PC)σ′4 )− ⊕C−))(E7C)σ
′
4 ,so(6,C).
Furthermore, for β ∈ (E7C)σ′4 ,so(6,C), it is easy to verify that
β(exp(Θ(Q−)))β−1 = exp(Θ(βQ−)), β((exp(Θ(t−)))β−1 = exp(Θ(t−).
Indeed, for (Φ′, P′,Q′, r′, s′, t′) ∈ e8C , by doing simple computation, we have that
βΘ(Q−)β−1(Φ′, P′,Q′, r′, s′, t′) = β[Q−, β−1(Φ′, P′,Q′, r′, s′, t′)]
= [βQ−, ββ−1(Φ′, P′,Q′, r′, s′, t′)] (β ∈ E7C ⊂ E8C)
= [βQ−, (Φ′, P′,Q′, r′, s′, t′)]
= Θ(βQ−)(Φ′, P′,Q′, r′, s′, t′),
that is, βΘ(Q−)β−1 = Θ(βQ−). Hence we obtain that
β(exp(Θ(Q−)))β−1 = β
( ∞∑
n=0
1
n!
Θ(Q−)n
)
β−1
=
∞∑
n=0
1
n!
(βΘ(Q−)β−1)n ( βΘ(Q−)β−1 = Θ(βQ−))
=
∞∑
n=0
1
n!
(Θ(βQ−))n
= exp(Θ(βQ−)).
By the argument similar to above, we have that β((exp(Θ(t−)))β−1 = exp(Θ(t−).
This shows that exp(Θ(((PC)σ′4 )− ⊕ C−)) = exp(Θ(((PC)σ′4 )−) exp(Θ(C−)) is a normal sub-
group of the group((E8C)σ′4 ,so(6,C))1− .
Moreover, we have a split exact sequence
1 → exp(Θ(((PC)σ′4 )− ⊕C−)) → ((E8C)σ
′
4 ,so(6,C))1− → (E7C)σ
′
4 ,so(6,C) → 1.
Hence the group ((E8C)σ′4 ,so(6,C))1− is a semi-direct product of exp(Θ(((PC)σ′4 )− ⊕ C−))
and (E7C)σ′4 ,so(6,C):
((E8C)σ′4 ,so(6,C))1− = exp(Θ(((PC)σ′4 )− ⊕C−)) ⋊ (E7C)σ
′
4 ,so(6,C).
Therefore since exp(Θ(((PC)σ′4 )− ⊕ C−)) is connected and (E7C)σ
′
4 ,so(6,C) is connected
(Theorem 4.22), we have that the group((E8C)σ′4 ,so(6,C))1− is connected. 
For R ∈ e8C , we define a C-linear mapping R × R : e8C → e8C by
(R × R)R1 = [R, [R,R1] ] + 130 B8(R,R1)R, R1 ∈ e8
C ,
where B8 is the Killing form of the Lie algebra e8C (As for the Killing form B8, see [11,
Theorem 5.3.2]), and using this mapping we define a spaceWC by
WC = {R ∈ e8C |R × R = 0,R , 0},
moreover, define a subspace (WC)σ′4 ,so(6,C) ofWC by
(WC)σ′4 ,so(6,C) = {R ∈ WC |σ′4 R = R, [RD,R] = 0 for all D ∈ so(6,C)}.
Lemma 5.3. For R = (Φ, P,Q, r, s, t) ∈ e8C satisfying σ′4 R = R and [RD,R] = 0 for all
D ∈ so(6,C),R , 0, R belongs to (WC)σ′4 ,so(6,C) if and only if R satisfies the following
conditions:
(1) 2sΦ − P × P = 0 (2) 2tΦ + Q × Q = 0
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(3) 2rΦ + P × Q = 0 (4) ΦP − 3rP − 3sQ = 0
(5) ΦQ + 3rQ − 3tP = 0 (6) {P,Q} − 16(st + r2) = 0
(7) 2(ΦP × Q1 + 2P ×ΦQ1 − rP × Q1 − sQ × Q1) − {P,Q1}Φ = 0
(8) 2(ΦQ × P1 + 2Q ×ΦP1 + rQ × P1 − tP × P1)− {Q, P1}Φ = 0
(9) 8((P × Q1)Q − stQ1 − r2Q1 − Φ2Q1 + 2rΦQ1) + 5{P,Q1}Q − 2{Q,Q1}P = 0
(10) 8((Q × P1)P + stP1 + r2P1 +Φ2P1 + 2rΦP1) + 5{Q, P1}P − 2{P,Q1}Q = 0
(11) 18(adΦ)2Φ1 + Q ×Φ1P − P × Φ1Q) + B7(Φ,Φ1)Φ = 0
(12) 18(Φ1ΦP − 2ΦΦ1P − rΦ1P − sΦ1Q) + B7(Φ,Φ1)P = 0
(13) 18(Φ1ΦQ − 2ΦΦ1Q + rΦ1Q − tΦ1P) + B7(Φ,Φ1)Q = 0,
(where B7 is the Killing form of the Lie algebra e7C) for all Φ1 ∈ e7C , P1,Q1 ∈ PC .
Proof. For R = (Φ, P,Q, r, s, t) ∈ e8C satisfying σ′4 R = R and [RD,R] = 0 for all D ∈
so(6,C),R , 0, by doing simple computation of (R × R)R1 = 0 for all R1 = (Φ1, P1,Q1, r1,
s1, t1) ∈ e8C , we have the required result above. 
Proposition 5.4. The group ((E8C)σ′4 ,so(6,C))0 acts on (WC)σ′4 ,so(6,C) transitively.
Proof. Since α ∈ (E8C)σ′4 ,so(6,C) leaves invariant the Killing form B8 of e8C : B8(αR, αR′) =
B8(R,R′), R,R′ ∈ e8C , we have αR ∈ (WC)σ′4 ,so(6,C) for R ∈ (WC)σ′4 ,so(6,C). Indeed, since we
see that
(αR × αR)R1 = [αR, [αR, αR1] ] + 130 B8(αR,R1)αR
= α[ [R, [R, α−1R1] ] +
1
30 B8(R, α
−1R1)αR
= α((R × R)α−1R1
= 0,
[RD, αR] = α[α−1RD,R] = α[RD,R]
= 0,
this shows that the group (E8C)σ′4 ,so(6,C) acts on (WC)σ′4 ,so(6,C). We shall show that this action
is transitive. First, for R1 ∈ e8C , it follows from
(1− × 1−)R1 = [1−, [1−, (Φ1, P1,Q1, r1, s1, t1)] ] + 130 B8(1−,R1)1−
= [1−, (0, 0, P1,−s1, 0, 2r1)] + 2s11−
= (0, 0, 0, 0,−2s1) + 2s11−
= 0,
[RD, 1−] = 0,
and σ′4 1− = 1− that we confirm 1− ∈ (WC)σ′4 ,so(6,C). Then, in order to prove the transitivity
of this action, it is sufficient to show that any element R ∈ (WC)σ′4 ,so(6,C) can be transformed
to 1− ∈ (WC)σ′4 ,so(6,C) by some α ∈ (E8C)σ
′
4 ,so(6,C)
. Indeed, we have the following.
Case (i) where R = (Φ, P,Q, r, s, t), t , 0.
From Lemma 5.3 (2),(5) and (6), we have that
Φ = − 1
2t
Q × Q, P = r
t
Q − 16t2 (Q × Q)Q, s = −
r2
t
+
1
96t3 {Q, (Q × Q)Q}.
Now, for Θ = Θ(0, P1, 0, r1, s1, 0) ∈ Θ((e8C)σ′4 ,so(6,C)) (Lemma 5.1 (2)), we compute Θn1−:
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Θn1− =

((−2)n−1 + (−1)n)r1n−2P1 × P1(
(−2)n−1 − 1 + (−1)
n−1
2
)
r1
n−2s1P1 +
(1 − (−2)n
6 +
(−1)n
2
)
r1
n−3(P1 × P1)P1
((−2)n + (−1)n−1)r1n−1P1
(−2)n−1r1n−1s1
−((−2)n−2 + 2n−2)r1n−2s12 + 2
n−2 + (−2)n−2 − (−1)n−1
24
r1
n−4{P1, (P1 × P1)P1}
(−2)nr1n

.
Then, by doing simple computation, we have that
exp(Φ(0, P1, 0, r1, s1, 0))1− = (expΘ)1− =
( ∞∑
n=0
1
n!
Θn
)
1−
=

− 1
2r12
(e−2r1 − 2e−r1 + 1)P1 × P1
s1
2r12
(−e−2r1 − er1 + e−r1 + 1)P1 + 16r13 (−e
−2r1 + er1 + 3e−r1 − 3)(P1 × P1)P1
1
r1
(e−2r1 − e−r1 )P1
s1
2r1
(1 − e−2r1)
− s1
2
4r12
(e−2r1 + e2r1 − 2) + 1
96r14
(e2r1 + e−2r1 − 4er1 − 4e−r1 + 6){P1, (P1 × P1)P1}
e−2r1

.
Note that if r1 = 0, f (r1)
r1k
means lim
r1→0
f (r1)
r1k
.
Here we set
Q = 1
r1
(e−2r1 − e−r1 )P1, r = s12r1 (1 − e
−2r1 ), t = e−2r1 .
Then we have that
(exp Θ)1− =

− 1
2t
Q × Q
r
t
Q − 1
6t2
(Q × Q)Q
Q
r
− r
2
t
+
1
96t3 {Q, (Q × Q)Q}
t

=

Φ
P
Q
r
s
t

=: R.
Thus R is transformed to 1− by (exp Θ)−1 ∈ ((E8C)σ′4 ,so(6,C))0.
Case (ii) where R = (Φ, P,Q, r, s, 0), s , 0.
First, we denote exp(Θ(0, 0, 0, 0, pi/2,−pi/2)) ∈ ((E8C)σ′4 ,so(6,C))0 by λ′ (Lemma 5.1 (2)).
Here, operate λ′ on R, then we have that
λ′R = λ′(Φ, P,Q, r, s, 0) = (Φ,Q,−P,−r, 0,−s), −s , 0.
Hence this case can be reduced to Case (i).
Case (iii) where R = (Φ, P,Q, r, 0, 0), r , 0.
From Lemma 5.3 (2),(5) and (6), we have that
Q × Q = 0, ΦQ = −3rQ, {P,Q} = 16r2.
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Then, for Θ = Θ(0,Q, 0, 0, 0, 0) ∈ Θ((e8C)σ′4 ,so(6,C)) (Lemma 5.1 (2)), we see that
(exp Θ)R = (Φ, P + 2rQ,Q, r,−4r2, 0), −4r2 , 0.
Hence this case can be reduced to Case (ii).
Case (iv) where R = (Φ, P,Q, 0, 0, 0),Q , 0.
We choose P1 ∈ (PC)σ′4 such that {P1,Q} , 0. Then, for Θ = Θ(0, P1, 0, 0, 0, 0) ∈
Θ((e8C)σ′4 ,so(6,C)) (Lemma 5.1 (2)), we have that
(exp Θ)R = (Φ + P1 × Q, P −ΦP1 + 12 (P1 × Q)P1, Q, −
1
8 {P1,Q},
1
4
{P1, P} +
1
8 {P1,−ΦP1} +
1
24
{P1, (P1 × Q)P1}, 0), −18 {P1,Q} , 0.
Hence this case can be reduced to Case (iii).
Case (v) where R = (Φ, P, 0, 0, 0, 0), P , 0.
We choose Q1 ∈ (PC)σ′4 such that {P,Q1} , 0. Then, for Θ = Θ(0, 0,Q1, 0, 0, 0) ∈
Θ((e8C)σ′4 ,so(6,C)) (Lemma 5.1 (2)), we have
(exp Θ)R = (Φ − P × Q1, P,−ΦQ1 − 12 (P × Q1)Q1,
1
8 {P,Q1},
0,−18 {Q1,−ΦQ1} −
1
24
{Q1,−(P × Q1)Q1}), 18 {P,Q1} , 0.
Hence this case can be reduced to Case (iii).
Case (vi) where R = (Φ, 0, 0, 0, 0, 0), Φ , 0. From Lemma 5.3 (10), we have Φ2 =
0. We choose P1 ∈ (PC)σ′4 such that ΦP1 , 0. Then, for Θ = Θ(0, P1, 0, 0, 0, 0) ∈
Θ((e8C)σ′4 ,so(6,C)) (Lemma 5.1 (2)), we have that
(exp Θ)R =
(
Φ,−ΦP1, 0, 0,
1
8 {ΦP1, P1}, 0
)
.
Hence this case is also reduced to Case (v).
Thus the proof of this proposition is completed. 
Now, we shall prove the theorem as the aim of this section.
Theorem 5.5. The homogeneous space (E8C)σ′4 ,so(6,C)/((E8C)σ′4 ,so(6,C))1− is diffeomorphic to
the space (WC)σ′4 ,so(6,C): (E8C)σ
′
4 ,so(6,C)/((E8C)σ′4 ,so(6,C))1− ≃ (WC)σ′4 ,so(6,C).
In particular, the group (E8C)σ′4 ,so(6,C) is connected.
Proof. Since the group (E8C)σ′4 ,so(6,C) acts on the space (WC)σ′4 ,so(6,C) transitively (Proposi-
tion 5.4), the former half of this theorem is proved.
The latter half can be shown as follows. Since ((E8C)σ′4 ,so(6,C))1− and (WC)σ′4 are con-
nected (Propositions 5.2, 5.4), we have that (E8C)σ′4 ,so(6,C) is also connected. 
6. Construction of Spin(10,C) in E8C
We define a subgroup (E8)σ′4 ,so(6) of E8 by
(E8)σ′4 ,so(6) =
{
α ∈ E8
∣∣∣∣∣∣ σ
′
4α = ασ
′
4 ,
Θ(RD)α = αΘ(RD) for all D ∈ so(6)
}
.
Then we have the following lemma.
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Lemma 6.1. The Lie algebra (e8)σ′4 ,so(6) of the group (E8)σ′4 ,so(6) is given by
(e8)σ′4 ,so(6) =
R ∈ e8
∣∣∣∣∣∣ σ
′
4 R = R,
[R,RD] = 0 for all D ∈ so(6)

=

(Φ, P,−τλP, r, s,−τs) ∈ e8
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Φ ∈ (e7)σ′4 ,so(6),
P = (X, Y, ξ, η),
X =

ξ1 0 0
0 ξ2 x
0 x ξ3
 , Y =

η1 0 0
0 η2 y
0 y η3
 ,
ξk, ηk, ξ, η, ∈ C, x, y ∈ CC ,
r ∈ iR, s ∈ C,

,
where as mentioned in Lemma 4.11, as for the Lie algebra e7 of the compact Lie group
E7, see [11, theorem 4.3.4] in detail, and so the Lie algebra (e7)σ′4 ,so(6) above is defined as
follows:
(e7)σ′4 ,so(6) =
Φ(φ, A,−τA, ν)
∣∣∣∣∣∣ σ
′
4Φ = Φσ
′
4 ,
[Φ,ΦD] = 0 for all D ∈ so(6)

=

Φ(φ, A,−τA, ν) ∈ e7
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
φ =

D2 0
00

+ ˜A1(a)
+i(τ1E1+τ2E2+τE3+F1(t1))∼
D2 ∈ so(2), a ∈ C, τk ∈ R,
τ1 + τ2 + τ3 = 0, t1 ∈ C,
A =

ξ1 0 0
0 ξ2 x1
0 x1 ξ3
 , ξk ∈ C, x1 ∈ CC ,
ν ∈ iR

.
In particular,
dimC((e8C)σ′4 ,so(6,C)) = 18 + ((3 + 2) × 2 + 1 × 2) × 2 + 3 = 45.
Proof. By the argument similar to Lemma 5.1 (2), we have the required result. 
Proposition 6.2. The Lie algebra (e8)σ′4 ,so(6) is isomorphic to the Lie algebra so(10) and
the Lie algebra (e8C)σ′4 ,so(6,C) is isomorphic to the Lie algebra so(10,C): (e8)σ′4 ,so(6)  so(10)
and (e8C)σ′4 ,so(6,C)  so(10,C).
Proof. We provide the correspondenceϕ∗ between the Lie algebra so(10)= {D ∈ M(10, R) |
tD = −D} and the Lie algebra (e8)σ′4 ,so(6) explicitly as follows:
ϕ∗ : so(10) −→ (e8)σ′4 ,so(6),
Gi j 7−→ Ri j, 0 ≤ i < j ≤ 9,
where the elements Gi j are R-basis in so(10). As its example, the explicit form of G26 as
matrix is of form with (3, 7)-component = 1, (7, 3)-component = −1, other components
= 0, moreover the explicit forms of C-basis Ri j in (e8)σ′4 ,so(6) are as follows.
R01 = (Φ(−i(E2 − E3)∼, 0, 0, 0), 0, 0, 0, 0, 0)
R02 =
(
Φ
(
0,− i
2
(E2 − E3),− i2(E2 − E3), 0
)
, 0, 0, 0, 0, 0
)
R12 =
(
Φ
(
0, 1
2
(E2 + E3),−12(E2 + E3), 0
)
, 0, 0, 0, 0, 0
)
42 TOSHIKAZU MIYASHITA
R03 =
(
Φ
(
0,−1
2
(E2 − E3), 12(E2 − E3), 0
)
, 0, 0, 0, 0, 0
)
R13 =
(
Φ
(
0,− i
2
(E2 + E3),− i2(E2 + E3), 0
)
, 0, 0, 0, 0, 0
)
R23 = (Φ(−i(E1 ∨ E1), 0, 0, i), 0, 0, 0, 0, 0)
R04 = (0, (−(E2 − E3), 0, 0, 0), (0,−(E2 − E3), 0, 0), 0, 0, 0)
R14 = (0, (−i(E2 + E3), 0, 0, 0), (0, i(E2 + E3), 0, 0), 0, 0, 0)
R24 = (0, (0, iE1, 0,−i), (iE1, 0,−i, 0), 0, 0, 0)
R34 = (0, (0, E1, 0, 1), (−E1, 0,−1, 0), 0, 0, 0)
R05 = (0, (−i(E2 − E3), 0, 0, 0), (0, i(E2 − E3), 0, 0), 0, 0, 0)
R15 = (0, (E2 + E3, 0, 0, 0), (0, E2 + E3, 0, 0), 0, 0, 0)
R25 = (0, (0,−E1, 0, 1), (E1, 0,−1, 0), 0, 0, 0)
R35 = (0, (0, iE1, 0, i), (iE1, 0, i, 0), 0, 0, 0)
R45 =
(
Φ
(
i(E1 ∨ E1), 0, 0, i2
)
, 0, 0,− i
2
, 0, 0
)
R06 = (0, (0,−(E2 − E3), 0, 0), (E2 − E3, 0, 0, 0), 0, 0, 0)
R16 = (0, (0, i(E2 + E3), 0, 0), (i(E2 + E3), 0, 0, 0), 0, 0, 0)
R26 = (0, (iE1, 0,−i, 0), (0,−iE1, 0, i), 0, 0, 0)
R36 = (0, (−E1, 0,−1, 0), (0,−E1, 0,−1), 0, 0, 0)
R46 =
(
Φ
(
0, 1
2
E1,−
1
2
E1, 0
)
, 0, 0, 0,−1
2
,
1
2
)
R56 =
(
Φ
(
0,− i
2
E1,−
i
2
E1, 0
)
, 0, 0, 0,− i
2
,− i
2
)
R07 = (0, (0,−i(E2 − E3), 0, 0), (−i(E2 − E3), 0, 0, 0), 0, 0, 0)
R17 = (0, (0,−(E2 + E3), 0, 0), (E2 + E3, 0, 0, 0), 0, 0, 0)
R27 = (0, (−E1, 0, 1, 0), (0,−E1, 0, 1), 0, 0, 0)
R37 = (0, (−iE1, 0,−i, 0), (0, iE1, 0, i), 0, 0, 0)
R47 =
(
Φ
(
0, i
2
E1,
i
2
E1, 0
)
, 0, 0, 0,− i
2
,− i
2
)
R57 =
(
Φ
(
0, 1
2
E1,−
1
2
E1, 0
)
, 0, 0, 0, 1
2
,−1
2
)
R67 =
(
Φ
(
− i(E1 ∨ E1), 0, 0,− i2
)
, 0, 0,− i
2
, 0, 0
)
R08 = (Φ( ˜A1(i), 0, 0, 0), 0, 0, 0, 0, 0)
R18 = (Φ(−F1(1)∼, 0, 0, 0), 0, 0, 0, 0, 0)
R28 =
(
Φ
(
0,−1
2
F1(1),−12 F1(1), 0
)
, 0, 0, 0, 0, 0
)
R38 =
(
Φ
(
0, i
2
F1(1),− i2 F1(1), 0
)
, 0, 0, 0, 0, 0
)
R48 = (0, (iF1(1), 0, 0, 0), (0, iF1(1), 0, 0), 0, 0, 0)
R58 = (0, (−F1(1), 0, 0, 0), (0, F1(1), 0, 0), 0, 0, 0)
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R68 = (0, (0, iF1(1), 0, 0), (−iF1(1), 0, 0, 0), 0, 0, 0)
R78 = (0, (0,−F1(1), 0, 0), (−F1(1), 0, 0, 0), 0, 0, 0)
R09 = (Φ(i ˜A1(e1), 0, 0, 0), 0, 0, 0, 0, 0)
R19 = (Φ(−F1(e1)∼, 0, 0, 0), 0, 0, 0, 0, 0)
R29 =
(
Φ
(
0,−1
2
F1(e1),−12 F1(e1), 0
)
, 0, 0, 0, 0, 0
)
R39 =
(
Φ
(
0, i
2
F1(e1),− i2 F1(e1), 0
)
, 0, 0, 0, 0, 0
)
R49 = (0, (iF1(e1), 0, 0, 0), (0, iF1(e1), 0, 0), 0, 0, 0)
R59 = (0, (−F1(e1), 0, 0, 0), (0, F1(e1), 0, 0), 0, 0, 0)
R69 = (0, (0,−iF1(e1), 0, 0), (iF1(e1), 0, 0, 0), 0, 0, 0)
R79 = (0, (0,−F1(e1), 0, 0), (−F1(e1), 0, 0, 0), 0, 0, 0)
R89 = (Φ(−[ ˜A1(1), ˜A1(e1)], 0, 0, 0), 0, 0, 0, 0, 0) (−[ ˜A1(1), ˜A1(e1)] ∈ D4)
Then we can confirm that ϕ∗ is a Lie-homomorphism, that is:
ϕ∗([Gi j,Gkl]) = [ϕ∗(Gi j), ϕ∗(Gkl)].
In order to prove these, we need to check 45C2 = 990 times if honestly doing. Then,
we give only five examples. As the first example, we shall show that ϕ∗([G01,G02]) =
[ϕ∗(G01), ϕ∗(G02)]. Indeed, ϕ∗([G01,G02]) = ϕ∗(−G12) = −R12.
On the other hand,
[ϕ∗(G01), ϕ∗(G02)] = [R01,R02]
=
[
(Φ(−i(E2 − E3)∼, 0, 0, 0), 0, 0, 0, 0, 0),
(
Φ
(
0,− i
2
(E2 − E3),− i2(E2 − E3), 0
)
, 0, 0, 0, 0, 0
)]
=
([
Φ(−i(E2 − E3)∼, 0, 0, 0),
(
Φ
(
0,− i
2
(E2 − E3),− i2 (E2 − E3), 0
)]
, 0, 0, 0, 0, 0
)
=
(
Φ
(
0,−1
2
(E2 + E3), 12 (E2 + E3), 0
)
, 0, 0, 0, 0, 0
)
= −R12.
As the second example, we shall show that ϕ∗([G04,G45]) = [ϕ∗(G04), ϕ∗(G45)]. Indeed,
ϕ∗([G04,G45]) = ϕ∗(G05) = R05.
On the other hand,
[ϕ∗(G04), ϕ∗(G45)] = [R04,R45]
=
[
(0, (−(E2 − E3), 0, 0, 0), (0,−(E2 − E3), 0, 0), 0, 0, 0),
(
Φ
(
i(E1 ∨ E1), 0, 0, i2
)
, 0, 0,− i
2
, 0, 0
)]
=
(
0,−
(
Φ(i(E1 ∨ E1), 0, 0, i2
)
(−(E2 − E3), 0, 0, 0) + i2 (−(E2 − E3), 0, 0, 0),
−
(
Φ(i(E1 ∨ E1), 0, 0, i2
)
(0,−(E2 − E3), 0, 0) − i2 (0,−(E2 − E3), 0, 0), 0, 0, 0
)
= (0, (−i(E2 − E3), 0, 0, 0), (0, i(E2 − E3), 0, 0), 0, 0, 0)
= R05.
As the third example, we shall show that ϕ∗([G57,G67]) = [ϕ∗(G57), ϕ∗(G67)]. Indeed,
ϕ∗([G57,G67]) = ϕ∗(−G56) = −R56.
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On the other hand ,
[ϕ∗(G57), ϕ∗(G67)] = [R57,R67]
=
[(
Φ
(
0, 1
2
E1 ,−
1
2
E1, 0
)
, 0, 0, 0, 1
2
,−1
2
)
,
(
Φ
(
− i(E1 ∨ E1), 0, 0,− i2
)
, 0, 0,− i
2
, 0, 0
)]
=
([
Φ
(
0, 1
2
E1,−
1
2
E1 , 0
)
, Φ
(
− i(E1 ∨ E1), 0, 0,− i2
)]
, 0, 0, 0,−2
(
− i
2
)(1
2
)
, 2
(
− i
2
)(
− 1
2
))
=
(
Φ
(
0, i
2
E1 ,
i
2
E1 , 0
)
, 0, 0, 0, i
2
,
i
2
)
= −R56.
As the forth example, we shall show that ϕ∗([G36,G68]) = [ϕ∗(G36), ϕ∗(G68)]. Indeed,
ϕ∗([G36,G68]) = ϕ∗(G38) = R38.
On the other hand ,
[ϕ∗(G36), ϕ∗(G68)] = [R36,R68]
= [(0, (−E1, 0,−1, 0), (0,−E1, 0,−1), 0, 0, 0), (0, iF1(1), 0, 0), (−iF1(1), 0, 0, 0), 0, 0, 0)]
= ((−E1, 0,−1, 0) × (−iF1(1), 0, 0, 0)) − (0, iF1(1), 0, 0) × (0,−E1, 0,−1), 0, 0, 0, 0, 0)
=
(
Φ
(
0, i
4
F1(1),− i4 F1(1), 0
)
−Φ
(
0,− i
4
F1(1),− i4 F1(1), 0
)
, 0, 0, 0, 0, 0
)
=
(
Φ
(
0, i
2
F1(1),− i2 F1(1), 0
)
, 0, 0, 0, 0, 0
)
= R38.
Finally, as the fifth example, we shall show that ϕ∗([G28,G89]) = [ϕ∗(G28), ϕ∗(G89)].
Indeed, ϕ∗([G28,G89]) = ϕ∗(G29) = R29.
On the other hand ,
[ϕ∗(G28), ϕ∗(G89)] = [R28,R89]
=
[(
Φ
(
0,− i
2
F1(1),− i2 F1(1), 0
)
, 0, 0, 0, 0, 0
)
,
(
Φ
(
− [ ˜A1(1), ˜A1(e1)], 0, 0, 0
)
, 0, 0, 0, 0, 0
)]
=
([
Φ
(
0,− i
2
F1(1),− i2 F1(1), 0
)
, Φ
(
− [ ˜A1(1), ˜A1(e1)], 0, 0, 0
)]
, 0, 0, 0, 0, 0
)
=
(
Φ
(
0, [ ˜A1(1), ˜A1(e1)]
(
− 1
2
F1(1)
)
, [ ˜A1(1), ˜A1(e1)]
(
− 1
2
F1(1)
)
, 0
)
, 0, 0, 0, 0, 0
)
=
(
Φ
(
0,−1
2
F1(e1),−12 F1(e1), 0
)
, 0, 0, 0, 0, 0
)
= R29.
Since we have dim(so(10)) = 45 = dim((e8)σ′4 ,so(6)) from Lemma 6.1, we see that ϕ∗
is an isomorphism. Thus we have the required isomorphism (e8)σ′4 ,so(6)  so(10) as a Lie
algebra. The latter case is the complexification of the former case. 
Now, we shall prove the theorem as the aim of this section.
Theorem 6.3. We have that (E8C)σ′4 ,so(6,C)  Spin(10,C).
Proof. The group (E8C)σ′4 ,so(6,C) is connected(Theorem 5.5) and its type is so(10,C) (Propo-
sition 6.2). Hence the group (E8C)σ′4 ,so(6,C) is isomorphic to either one of the following
groups:
Spin(10,C), SO(10,C), Spin(10,C)/Z4.
Their centers of groups above are Z4, Z2, {1}, respectively. However, we see that the center
of (E8C)σ′4 ,so(6,C) has the elements 1, σ, σ′4 , σσ′4 , and so its center is Z4. Hence the group
(E8C)σ′4 ,so(6,C) have to be isomorphic to Spin(10,C). 
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7. The structure of the group (E8C)σ′4
By using the results of previous section, the aim of this section is to determine the
structure of the group (E8C)σ′4 .
Lemma 7.1. The Lie algebra (e8C)σ′4 of the group (E8C)σ′4 is given by
(e8C)σ′4 = {R ∈ e8C |σ′4 R = R}
=

(Φ, P,Q, r, s, t) ∈ e8C
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Φ ∈ (e7C)σ′4 ,
P = (X, Y, ξ, η),
X =

ξ1 0 0
0 ξ2 x
0 x ξ3
 , Y=

η1 0 0
0 η2 y
0 y η3

ξk, ηk, ξ, η ∈ C, x, y ∈ CC ,
Q = (Z,W, ζ, ω) is same form as P,
r, s, t ∈ C

,
as for the explicit form of the Lie algebra (e7C)σ′4 , see Lemma 4.1 (1).
In particular,
dimC((e8C)σ′4 ) = 33 + ((3 + 2) × 2 + 1 × 2) × 2 + 3 = 60.
Proof. By the argument similar to Lemma 5.1, we have the required result. 
Now, we shall prove the following theorem as the aim of this section.
Theorem 7.2. We have that (E8C)σ′4  (Spin(6,C) × Spin(10,C))/Z4, Z4 = {(1, 1),
(σ′4 , σσ′4 ), (σ, σ), (σσ′4 , σ′4 )}.
Proof. Let Spin(6,C)  (F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 ⊂
(E7C)σ′4 ⊂ (E8C)σ′4 (Theorems 3.16, 4.21) and Spin(10,C)  (E8C)σ′4 ,so(6,C) ⊂ (E8C)σ′4
(Theorem 6.3). Then we define a mapping ϕE8C ,σ′4 : Spin(6,C)× Spin(10,C) → (E8
C)σ′4 by
ϕE8 C ,σ′4
(α, β) = αβ.
It is clear that ϕE8C ,σ′4 is well-defined. Since [RD,R10] = 0 for RD ∈ spin(6,C) = so(6,C) 
(f4C)E1 ,E2 ,E3 ,F1(ek),k=0,1,R10 ∈ spin(10,C) = so(10,C)  (e8C)σ
′
4 ,so(6,C) (Lemmas 3.14, 6.1)
and Spin(6,C), Spin(10,C) are connected, we see that αβ = βα. Hence ϕE8C ,σ′4 is a ho-
momorphism. Moreover, we obtain that KerϕE8C ,σ′4  Z4. Indeed, since we see that
dimC(spin(6,C) ⊕ spin(10,C)) = 15 + 45 = 60 = dimC((e8)σ′4 ) (Lemma 7.1) and from
z(ϕE8C ,σ′4 ∗) = {0}(the mapping ϕE8 C ,σ′4 ∗ is the differential mapping of ϕE8 C ,σ′4 ) we have
that KerϕE8 C ,σ′4 is discrete. Hence Ker ϕE8C ,σ′4 is contained in the center z(Spin(6,C) ×
Spin(10,C)) = z(Spin(6,C)) × z(Spin(10,C)) = {1, σ, σ′4 , σσ′4 } × {1, σ, σ′4 , σσ′4 }. Then,
among them, the mapping ϕE8C ,σ′4 maps only (1, 1), (σ′4 , σσ′4 ), (σ, σ), (σσ′4 , σ′4 ) to the iden-
tity 1. Hence we have that Ker ϕE8C ,σ′4 ⊂ {(1, 1), ((σ′4 , σσ′4 ), (σ, σ), (σσ′4 , σ′4 )}, and vice
versa. Thus we see that
KerϕE8C ,σ′4 = {(1, 1), ((σ
′
4 , σσ
′
4 ), (σ, σ), (σσ′4 , σ′4 )}  Z4.
Since (E8C)σ′4 is connected and KerϕE8 C ,σ′4 is discrete, again together with dimC(so(6,C)⊕
so(10,C)) = 15 + 45 = 60 = dimC((e8)σ′4 ), ϕE8 C ,σ′4 is surjection.
Therefore we have the required isomorphism
(E8C)σ′4  (Spin(6,C) × Spin(10,C))/Z4.

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8. Main theorem
By using results above, we shall determine the structure of the group (E8)σ′4 , which is
the main theorem.
Theorem 8.1. We have that (E8)σ′4  (Spin(6) × Spin(10))/Z4, Z4 = {(1, 1), (σ′4 , σσ′4 ),
(σ, σ), (σσ′4 , σ′4 )}.
Proof. For δ ∈ (E8)σ′4 = ((E8C)τλω)σ′4 = ((E8C)σ′4 )τλω ⊂ (E8C)σ′4 , there exist α ∈ Spin(6,C) 
(F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1  ((E7C)κ,µ) ˜E1 , ˜E−1 ,E2+˙E3 ,E2−˙E3 , ˙F1(ek),k=0,1 ⊂ (E7C)σ
′
4 ⊂ (E8C)σ′4 and β ∈
Spin(10,C)  (E8C)σ′4 ,so(6,C) ⊂ (E8C)σ′4 such that δ = ϕ(α, β) = αβ (Theorem 7.2). From
the condition τλωδλωτ = δ, that is, τλωϕ(α, β)λωτ = ϕ(α, β), we have ϕ(τλωαλωτ, τβτ) =
ϕ(α, β). Hence, we have that
(i)
 τατ = ατλωβλωτ = β, (ii)
 τατ = σσ
′
4 α
τλωβλωτ = σ
′
4 β,
(iii)
 τατ = σατλωβλωτ = σβ, (iv)
 τατ = σ
′
4 α
τλωβλωτ = σσ
′
4 β.
Case (i). From the condition τατ = α, we have α ∈ Spin(6)  (F4)E1 ,E2,E3 ,F1(ek),k=0,1.
Indeed, first since Spin(6,C)  (F4C)E1 ,E2,E3 ,F1(ek),k=0,1 is simply connected, the group
(F4)E1 ,E2,E3 ,F1(ek),k=0,1 = ((F4C)E1 ,E2,E3 ,F1(ek),k=0,1)τ is connected. Since (F4C)E1 ,E2 ,E3,F1(ek),k=0,1
acts on (VC)6, the group (F4)E1 ,E2 ,E3 ,F1(ek),k=0,1 = ((F4C)E1 ,E2 ,E3 ,F1(ek),k=0,1)τ acts on
V6 = {X ∈ (VC)6 | τX = X}
= {X = F1(t) | t = t2e2 + t3e3 + t4e4 + t5e5 + t6e6 + t7e7, tk ∈ R}
with the norm (X, X) = 2t t. We can define a homomorphism pi : (F4)E1 ,E2,E3 ,F1(ek),k=0,1 →
SO(6) = SO(V6) by pi(α) = α|V6 . Then it is easy to obtain that Ker pi = {1, σ}  Z2. Since,
by doing simple computation as in Lemma 3.14 we see dim((f4)E1 ,E2 ,E3 ,F1(ek),k=0,1) = 15,
we have that dim((f4)E1 ,E2 ,E3 ,F1(ek),k=0,1) = 15 = dim(so(6)), moreover SO(6) is connected.
Hence the mapping pi is surjection. Thus we have that (F4)E1 ,E2 ,E3 ,F1(ek),k=0,1/Z2  SO(6).
Therefore the group (F4)E1 ,E2 ,E3 ,F1(ek),k=0,1 is isomorphic to Spin(6) as the universal covering
group SO(6), that is, (F4)E1 ,E2 ,E3 ,F1(ek),k=0,1  Spin(6).
Next, from the condition τλωβλωτ = β, we see that the group {α ∈ Spin(10,C) | τλωβλωτ
= β} = (Spin(10,C))τλω (which is connected) = ((E8C)σ′4 ,so(6,C))τλω = (E8)σ′4 ,so(6) (Theorem
6.3), and so its type is so(10) (Proposition 6.2) (Note that (E8C)τλω = E8 and the C-linear
transformation τλω induces the involutive automorphism of the group (E8C)σ′4 ,so(6,C). Hence
we see that the group (E8)σ′4 ,so(6) is isomorphic to either one of
Spin(10), SO(10), Spin(10)/Z4.
Their center are Z4, Z2, {1}, respectively. However, since the center of (E8)σ′4 ,so(6) has
the elements 1, σσ′4 , σ, σ
′
4 , the group (E8)σ
′
4 ,so(6) has to be isomorphic to Spin(10) and its
center is {1, σσ′4 , σ, σ′4 }  Z4. Hence the group of Case (i) is isomorphic to the group
(Spin(6) × Spin(10))/Z4.
Case (ii). This case is impossible. Indeed, for α ∈ Spin(6,C) ⊂ Spin(8,C) we can
set α = (α1, α2, α3), α1 ∈ SO(6,C) ⊂ SO(8,C), α2, α3 ∈ SO(8,C) satisfying (α1x)(α2y) =
α3(xy), x, y, ∈ CC , and similarly for σ′4 ∈ Spin(8), set σ′4 = (σ′1, σ′2, σ′3), σk ∈ SO(8) ⊂
SO(8,C) satisfying (σ′1x)(σ′2y) = σ′3(xy), x, y, ∈ C. (Remark. As a matrix, σ′1, σ′2 and σ′3
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are expressed as follows:
σ′1 = diag(1, 1,−1,−1,−1,−1,−1,−1),
σ′2 = diag(−J,−J,−J,−J), J =
(
0 1
−1 0
)
,
σ′3 = diag(J,−J,−J,−J).)
Then, from the condition τατ = σσ′4 α, we have (τα1, τα2, τα3) = (σ′1α1,−σ′2α2,−σ′3α3),
that is,
τα1 = σ
′
1α1, τα2 = −σ′2α2, τα3 = −σ′3α3.
Here, as matrix, α1 is expressed as follows:
α1 =

1 0
0 1 0
0 A

, A ∈ SO(6,C),
where all blanks mean 0. Then, from τα1 = σ′1α1, we have
α1 =

1 0
0 1 0
0 A′

, A′ = iB ∈ SO(6,C), i2 = −1.
As for α2, from τα2 = −σ′2α2, we have α2 = 0. Indeed, from the explicit form of σ2, it is
sufficient to confirm this in the case 2 × 2-matrix. From(
a b
c d
) (
0 −1
1 0
)
=
(
b −a
d −c
)
=
(
τa τb
τc τd
)
,
we have that τa = b, τb = −a, τc = d, τd = −c, that is, a = b = c = d = 0. Hence we see
α2 = 0. This is contrary to α2 ∈ SO(8,C).
Case (iii). This case is also impossible. Indeed, from the condition τατ = σα, we have
(τα1, τα2, τα3) = (α1,−α2,−α3), that is,
τα1 = α1, τα2 = −α2, τα3 = −α3.
From τα1 = α1, we have α1 ∈ SO(6) ⊂ SO(8). Hence, by the Principal of triality on
SO(8) we see that αk ∈ SO(8), k = 2, 3, that is, ταk = αk, k = 2, 3. However, from
ταk = −αk, k = 2, 3, we have αk = ταk = −αk, that is, αk = 0. This is contrary to
αk ∈ SO(8).
Case (iv). This case is also impossible. Indeed, from the condition τατ = σ′4 α, we have
(τα1, τα2, τα3) = (σ′1α1, σ′2α2, σ′3α3), that is,
τα1 = σ
′
1α1, τα2 = σ
′
2α2, τα3 = σ
′
3α3.
As in the Case (ii), we have α2 = 0. This is contrary to α2 ∈ SO(8,C).
Therefore we have the required isomorphism
(E8)σ′4  (Spin(6) × Spin(10))/Z4, Z4 = {(1, 1), (σ′4 , σσ′4 ), (σ, σ), (σσ′4 , σ′4 )}.
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